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Chapter  1.  Introduction 


1.1  Basic  defnitions. 

This  study  primarily  concerns  itself  with  the  design  of  horizontal 
geodetic  control  networks.  These  networks  are  systems  of  points  on  the 
surface  of  the  earth  whose  latitude  and  longitude  are  determined  with 
respect  to  a datum  by  horizontal  geodetic  surveys,  which  provide  obser- 
vations that  are  adjusted  to  the  applicable  mathematical  figure  of  the 
earth  (U.S.  Department  of  Commerce  (1974)).  In  a sense,  this  study  is 
a special  application  of  the  design  of  the  experiments  problem  discussed 
by  Federov  (1972)  and  Hicks  (1964)  among  others.  The  methods  and 
principles  developed  will  in  every  case  be  referred  to  horizontal 
control  specifically,  but  the  theory  is  applicable  to  many  other  design 
problems.  "Design"  in  the  sense  used  here  is  defined  to  mean  the  choice 
of  geodetic  observations  which  establish  the  horizontal  network. 

1.2  Design  with  respect  to  control  point  use. 

Classically,  observations  were  chosen  for  control  surveys  by 
reconnaissance  parties,  guided  by  intervisibility  between  proposed 
stations  and  a set  of  rules  or  specifications  which  determined  the  type 
of  figure  used  and  its  configuration,  for  different  orders  of  surveys. 
These  orders  of  surveys  and  the  numbers  which  determine  the  configuration 
of  the  observations  are  given  in  U.S.D.C.  (1974).  Nowhere  in  this 
referenced  publication,  or  in  others  on  the  subject  of  horizontal 
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control  surveys,  is  there  mention  of  how  accurately  the  position  of 
stations  will  be  determined  if  these  specifications  are  met,  except  in 
the  most  general  of  terms,  nor  is  there  comment  on  the  accuracy  of  such 
derived  quantities  as  the  distance  between  any  two  points  in  the  net  or 
the  angle  observed  at  a station,  between  the  normal  section  planes 
containing  any  other  two  stations,  which  may  be  computed  from  the 
determined  positions  of  the  stations. 

Yet  quantities  computed  from  station  positions  are  those  most  used 
by  surveyors  who  must  base  determinations  of  such  things  as  plat 
boundaries,  areas  and  route  locations  on  basic  survey  control.  Those 
who  utilize  the  control  data  from  the  survey  to  be  designed  will  be 
called  as  "users"  and  their  requirements  are  based  not  only  on  positional 
accuracy  but  also  on  the  accuracy  of  these  computed  quantities.  For 
example,  the  artillery  surveyor  is  much  less  concerned  with  the  latitude 
and  longitude  of  an  artillery  concentration  point  then  he  is  with  the 
distance  and  azimuth  of  that  point  with  respect  to  the  location  of  his 
batteries.  The  land  surveyor,  who  is  traversing  to  determine  the  route 
of  a road  by  starting  and  ending  his  traverse  on  control  points  within 
the  net  to  be  designed  is  primarily  interested  in  the  distance  and  azimuth 
of  a line  joining  the  start  and  end  points.  This  line  (and  not  the 
geodetic  positions  of  the  start  and  end  points)  will  be  the  basis  for 
determination  of  the  acceptability  of  his  survey. 

Since  these  points  in  the  horizontal  control  net  are  marked  by 
monuments  which  may  be  disturbed  by  either  man  or  nature,  it  is  common 
practice  to  try  to  verify  that  the  monument  has  not,  in  fact,  been 


moved  before  starting  a supplementary  survey  in  which  the  control  point 
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is  to  be  included.  The  position  of  this  control  point  is  not  usually 
measured  by  the  surveyor.  He  depends  either  on  witness  marks  or  check 
measurements  whose  values  he  can  compute  from  geodetic  network  station 
location  values.  If,  for  example,  his  project  specifications  call  for 
the  measurement  of  the  azimuth  between  two  stations  in  the  geodetic 
network  to  "check"  their  recovery  and  reoccupation,  he  compares  what 
he  measures  with  the  value  he  computes.  If  the  difference  between 
what  he  measures  and  computes  is  large,  he  may  conclude  that  the 
geodetic  stations  are  unusable,  when,  in  fact,  the  value  he  computes 
may  have  a very  large  uncertainty  and  the  stations  he  is  concerned  with 

are  perfectly  recovered. 

Special  networks  in  the  title  of  this  study  imply  those  where  not 

only  station  location  uncertainty  but  also  the  uncertainty  of  specific 

user  supplied  derived  quantities  are  considered  as  part  of  the  mission 

statement  given  the  designer.  It  might  be  argued  that,  if  this  desire 

to  reduce  uncertainty  is  a part  of  the  designer's  mission,  stations  in 

the  control  net  should  be  established  with  the  least  uncertainty  possible 

considering  the  state  of  the  surveyor's  art  at  the  time  of  the  geodetic 

survey.  One  fact  militates  against  this  approach  in  design  and  this  is 

cost  of  the  geodetic  survey.  This  cost  can  be  reckonned  on  the  basis 

of  money  required  to  perform  the  control  survey,  on  man  hours  to  be 

devoted  to  the  job  or  on  both.  There  is,  therefore,  a "trade-off" 

required  between  accuracy  and  cost.  The  designer,  based  on  his  knowledge 

of  costs  and  experience,  performs  this  "trade-off"  in  a non-mathematical 

manner,  when  he  chooses  observations  which  minimize  costs  and  fit  into 

17 
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an  efficient,  time-phased  plan.  The  algorithms  for  mathematically 
performing  this  task  are  complex  at  best,  subjective  and  may  not  be 
general  enough,  if  developed,  to  apply  to  more  than  one  specific  problem, 
crew,  location  and  set  of  requirements. 

The  purpose  of  this  study  is  to  provide  a method  that  assists  the 
designer  in  this  trade-off  by  mathematically  determining  which  groups 
of  observations,  from  all  the  observations  possible  to  perform,  are 
needed  to  meet  user  requirements  and  allow  him,  on  the  basis  of  cost, 
to  choose  which  specific  observation  or  observations  from  each  group 
he  will  use. 

1.3  Limitations  in  the  Design  method  based  upon  approximate  coordinates. 

One  of  the  requirements  which  the  designer  receives  from  the  user 
is  the  number  and  approximate  location  of  points  to  be  controlled.  A 
reconnaissance  and  monumentation  party  can  determine  which  points  are 

intervisible  and,  from  this,  which  are  the  "possible  observations". 

It  will  be  assumed  that  if  stations  are  intervisible,  directions, 
distances  and  azimuths  are  all  "possible  observations"  from  each  of  the 
intervisible  stations  to  the  other. 

The  uncertainties  in  determination  of  the  positions  of  net  control 
points  are  solved  once  the  observations  themselves  are  performed  and 
adjusted.  With  a knowledge  of  the  accuracies  of  observations  proposed 
to  establish  the  network,  an  idea  of  the  uncertainties,  however,  can  be 
obtained  from  a knowledge  of  the  approximate  locations  alone.  It  is 
upon  this  first  approximate  determination  of  the  uncertainties  that  the 
design  will  be  based.  This  idea  is  not  new  and,  for  example,  was  used 
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in  "design  of  experiments"  type  problems  for  analysis  of  variances  by 
LaRue  (1964),  Richards  (1961)  among  others. 

The  agreement  between  the  final  estimate  of  uncertainty  and  this 
first  approximation  is,  of  course,  dependent  in  part  upon  the  quality 
of  the  values  for  approximate  coordinates.  Agreement  in  variances  to 
one  or  two  figures  does  not  seem  to  be  unreasonable  when  approximate 
coordinates  are  obtained  from  medium  scale  maps  (LaRue,  1964) . 

1.4  Concept  of  the  method  of  solution  of  observations. 

Utilizing  the  approximate  values  for  the  positions  of  stations 
and  a knowledge  of  user  requirements,  this  study  suggests  the  construc- 
tion of  a variance/covariance  (V/C)  matrix  of  parameters  based  solely 
on  user  requirements.  This  matrix  will  then  be  used  in  determination 
of  which  observations  will  be  required.  A solution  for  the  elements 
in  the  variance/covariance  matrix  mentioned  above  will  be  formulated  in 
Chapter  4.  These  elements  are  considered  as  unknowns  and  the  reader  is 
advised  to  differentiate  between  them  and  the  station  locations,  which 
are  also  unknown  and  cannot  be  solved  for  until  the  design  is  made  and 
the  selected  observations  performed.  Two  alternate  methods  of  selection 
of  observations  will  be  discussed  based,  in  part,  upon  the  above 
variance/covariance  matrix,  in  Chapters  5 and  6. 

Properly  one  might  ask  why  this  entire  study  is  necessary.  If  a 
reconnaissance  is  available  and  approximate  coordinates  for  points  in 
the  net  are  known,  a minimal  network  of  observations  can  be  formed, 
solved  and  first  approximations  to  coordinate  uncertainties  and 
uncertainties  of  derived  quantities  can  be  computed.  In  those  areas 
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where  user  requirements  are  not  satisfied,  additional  "observations"  may 
be  iteratively  added  and  uncertainties  recomputed  until,  by  trial  and 
error,  a final  design  is  arrived  at.  This  is  certainly  possible  and 
feasible  but  has  seme  severe  drawbacks.  These  drawbacks  are: 

1.  This  "trial  and  error"  method  is  very  dependent  upon  the 
experience  of  the  designer  and,  to  some  extent,  his  fortunate 
choice  of  observations.  While  it  may  work  on  the  first  or 
second  iteration,  there  is  a possibility  that  it  will  take 
many  trials  and  this  may  be  unsatisfactory. 

2.  Usually  in  the  "trial  and  error"  approach,  even  if  performed 
station  by  station,  observations  are  added  but  seldom  deleted. 
This  solution  may  therefore  contain  observations  which  impart 
very  little  new  information,  but  which  add  cost.  If  observa- 
tions are  added  and  subtracted,  either  intuitively  or  system- 
atically, the  possiblity  of  a fairly  rapid  determination  of  a 
usable  design  decreases.  This  is  particularly  true  as  the 
number  of  points  to  be  controlled  increases. 

The  objective  is  then  the  systematic  and  partially  automated  solution 
to  the  choice  of  observations  which  take  advantage  of  but  do  not  depend 
upon  the  designer's  expertise.  This  solution  will  be  applicable  even 
in  the  case  of  unusual  derived  quantities  and  unusual  observation  types 
where  expertise  does  not  yet  exist. 

To  illustrate  each  phase  in  the  design,  examples  involving  two 
test  nets  will  approximate  coordinates  and  lists  of  possible  observations 

are  used.  Tables  1.1  through  1.4  and  Figures  1.1  and  1.2  describe 
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these  nets.  Variances  are  assigned  to  each  "possible  observation"  and 
discussed  in  Chapter  5.  Unfortunately,  small,  compact  examples  in 
horizontal  control  networks  do  not  illustrate  the  concepts  presented. 

The  examples  given  involve  many  tables  and  were  included  not  only 
to  illustrate  concepts  but  also  to  provide  some  idea  of  the  practical 
problems  which  will  be  encountered  in  implementing  the  methods. 
Originally,  4 test  nets  were  generated,  varying  in  size  from  4 to  14 
stations.  Of  these,  only  one  was  an  idealized  configuration,  while  the 
others  ranged  from  strong  but  physically  realizable  to  very  weak 
configurations.  The  methods  given  in  succeeding  chapters  worked  equally 
well  on  all  nets. 

Suppositions  made  here  as  to  cost,  were  of  necessity  arbitrary  and 
do  not  constitute  suggested  "real  world"  assumptions.  The  problem  of 
integrating  in  the  selection  process  time-phasing  of  station  occupation 
by  observing  and  light  keeping  parties  is  discussed  but  not  implemented 
in  any  of  the  examples. 

1.5  Procedural  Note 

Due  to  the  volume  of  tables  in  most  chapters  of  this  study,  it  was 
difficult  to  simultaneously  maintain  continuity  in  the  text  and  have 
tables  following  the  textual  materials  to  which  they  refer.  For  that 
reason,  most  tables  and  figures  referenced  in  each  chapter  were  placed 
in  serial  order  at  the  end  of  chapter. 
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LIST  OF  POSITIONS  IN  NET 
( APPROXIMATE) 


NOTE  - ALL  LATITOOES  POSITIVE  NORTHWARD 
ALL  LONGITUDES  POSITIVE  WESTWARD 


numrer 

DEGREES 

MINUTES 

SECONDS 

DEGREES 

MINUTES 

SECONDS 

STATION 

LATITUDE 

LONGITUDE 

1 

AO 

10 

36. 128 

102 

49 

2.374 

2 

AO 

10 

11.933 

102 

37 

17.130 

3 

AO 

17 

19. 629 

102 

40 

50.317 

A 

AO 

19 

24.746 

102 

53 

9.62H 

5 

AO 

24 

26.471 

102 

47 

19.842 

6 

AO 

26 

11.942 

102 

42 

6.084 

7 

AO 

28 

41.891 

102 

53 

38.966 

ft 

AO 

36 

66. 165 

102 

51 

57.423 

9 

40 

33 

40. 124 

102 

41 

10. 364 

Table  1.1 


DESCRIPTION  (JF  THE  UBSER  V A T I UNS 


/ 


KEY  - 0 INDICATES  A DIRECTION 

(UNITS  FOR  VARIANCE  ARE  ARC  SECONDS  SQUARED) 

A INDICATES  AN  A 7 I MU  T H 

(UNITS  FOR  VARIANCE  ARE  ARC  SECONDS  SQUARED) 

S INDICATES  A DISTANCE 
(UNITS  FOR  VARIANCE  ARE  METERS  SQUARED) 


OBSERVAT I UN 

number 

TYRE 

A PRIORI 
VAR  I ANCE 

1 

D 

0.  160 

2 

D 

0.  160 

3 

D 

0.  160 

A 

1) 

0.  160 

5 

I) 

0.  160 

6 

1) 

0.  160 

7 

D 

0.  1 60 

8 

D 

0.  160 

y 

0 

0.  160 

I 0 

D 

0.  160 

l 1 

D 

0.  160 

12 

D 

0.  160 

13 

D 

0.  160 

1A 

1) 

0.  160 

15 

D 

0.  160 

IE 

D 

0.  1 60 

17 

D 

0.  160 

1« 

D 

0.  160 

19 

D 

0.  160 

20 

D 

0.  160 

21 

D 

0.  160 

22 

D 

0.  160 

23 

D 

0.  160 

2A 

D 

0.  160 

25 

D 

0.  160 

2ft 

D 

0.  160 

27 

D 

0.  160 

2R 

D 

0.  160 

2y 

D 

0.  160 

30 

D 

0.  160 

31 

D 

0.  160 

32 

D 

0.  160 

33 

D 

0.  160 

3A 

1) 

0.  160 

35 

D 

0.  160 

Table  1.2 
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ERUM  TU 

STATION  STATION 


1 

1 

1 

2 

? 

2 

3 

3 

3 

3 

3 

A 

A 

A 

A 

A 

A 

3 

3 

5 

“5 

6 
6 
6 
6 
ft 
h 
{ 
7 
f 
7 
/ 
H 
rt 
R 


2 

3 

A 

1 


7 

y 
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DESCRIPTION  UP  THE  UftSERVAT  I (INS 
( CUNT  INUEl) ) 


DRSERV AT IUN 
NUMBER 

TYRE 

A PRIORI 
VAR  I ANCE 

FROM 
STAT I UN 

TU 

STAT IUN 

36 

0 

0.  160 

9 

6 

37 

1) 

0.  160 

9 

7 

3H 

0 

0.  160 

9 

ft 

39 

A 

0.203 

1 

2 

40 

A 

0.  203 

l 

3 

41 

A 

0.  203 

1 

4 

42 

A 

0.  203 

2 

3 

43 

A 

0.  203 

2 

4 

44 

A 

0.  203 

3 

4 

45 

A 

0.203 

3 

5 

46 

A 

0.203 

3 

6 

47 

A 

0.  203 

4 

5 

4 8 

A 

0.203 

4 

6 

49 

A 

0.  203 

4 

7 

50 

A 

0.203 

5 

6 

51 

A 

0.  203 

5 

7 

52 

A 

0.203 

6 

7 

53 

A 

0.  203 

6 

8 

54 

A 

0.  203 

6 

9 

55 

A 

0.  203 

7 

8 

56 

A 

0.  203 

7 

9 

57 

A 

0.203 

8 

9 

58 

s 

0.  1 13X10 **-2 

1 

2 

59 

s 

0.  1 16X10**-2 

1 

3 

60 

s 

0.  1 1HX  10**-2 

1 

4 

61 

s 

0.968X1 0** - 3 

2 

3 

62 

s 

0.205X10**-2 

2 

4 

63 

s 

0.  122X  10**-2 

3 

.4 

64 

s 

0.  109X 10**-2 

3 

5 

65 

s 

0.  1 12X  10**-2 

3 

6 

66 

s 

0.  866 X 10**— 3 

4 

5 

67 

s 

0.  1 37  X 1 0**-2 

4 

6 

6ft 

s 

0.  1 1 7X  10**-2 

4 

7 

69 

s 

0. 62 9X 10** -3 

5 

6 

70 

s 

0.  ft  36 X 10** -3 

5 

7 

71 

s 

0. 1 15X 10**-2 

6 

7 

72 

s 

0. 158X10** -2 

6 

8 

73 

s 

0. 954X 10**-3 

6 

9 

74 

s 

0.937X 10**-3 

( 

8 

75 

s 

0. 1 36X 1 0**-2 

7 

9 

76 

s 

0.  107X1 0** -2 

8 

9 

Table  1.2  (Continued) 
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LIST  !)F  POSITIONS  IN  Nt T 
( APPROXIMATE  ) 


NOTE  - ALL  L AT  I TUDES  POSITIVE  NORTHWARD 
ALL  LONGITODES  POSITIVE  WESTWARD 


NOMRFR 

STATION 

DEGREES 

MINUTES 

LATITUDE 

SECONDS 

DEGREES 

MINUTES 

LONGITUDE 

SECONDS 

1 

38 

52 

44. 200 

97 

00 

22. 000 

2 

38 

48 

5.400 

97 

30 

22.800 

3 

38 

50 

59. 700 

97 

3 ft 

2.200 

A 

38 

52 

9.400 

97 

31 

50.600 

5 

39 

6 

23. 500 

97 

2 3 

2.900 

ft 

38 

57 

5.  700 

97 

3ft 

13.200 

Ta  bl  e 1 
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DESCRIPT  KIN  OF  THE  OBSERVATIONS 


KEY  - D INDICATES  A DIRECTION 

(UNITS  FOR  VARIANCE  ARE  ARC  SECONDS  SOUAKEU) 

A INDICATES  AN  AZIMUTH 

(ONITS  FOR  VARIANCE  ARE  ARC  SECONDS  SQUARED ) 
S INDICATES  A DISTANCE 

(UNITS  FOR  VARIANCE  ARE  METERS  SQUARED) 


OBSERVATION  TYPE 
NUMBER 


1 D 

2 D 

3 D 

A D 

5 D 

5 D 

7 D 

R D 

9 D 

10  D 

11  D 

12  D 

13  D 

14  D 

15  D 

15  0 

17  D 

1H  D 

19  D 

20  D 

21  D 

22  D 

23  S 

24  S 

25  S 

25  S 

27  S 

2B  S 

29  S 

30  S 

31  S 

32  S 

33  S 


A PRIORI 
VAR  I ANCE 

0.  320 
0.  320 
0.  320 
0.  320 
0.  320 
0.  320 
0.  320 
0.  320 
0.  320 
0.  320 
0.  320 
0.  320 
0.  320 
0.  320 
0.  320 
0.  320 
0.  320 
0.  320 
0.320 
0.  320 
0.  320 
0.  320 
0. 375X10**-2 
0. 340X10**-2 
0.4B2X10**-2 
0.71 BX 1 0**— 3 
0.616X10**-3 
0. 275X10* *-2 
0. 1 27X 1 O** -2 
0 . 549X 1 0**- 3 
0. ROOX 10**-3 
0. 790X 1 0**-3 
0. 1H2X 10** -2 


FROM  TO 

ST  AT  I UN  STATION 

1 2 

1 5 

1 6 

2 1 

2 3 

2 4 

2 5 

2 6 

3 2 

3 4 

3 6 

2 4 

4 3 

4 5 

5 1 

3 2 

3 6 

5 1 

5 2 

5 3 

5 4 

5 3 

1 2 

1 5 

1 5 

2 3 

2 4 

2 5 

2 5 

3 4 

3 6 

4 6 

3 6 


Table  1 . 4 
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DESCRIPTION  OF  THE  OBSERVATIONS 
(CONTINUED) 


OBSERVATION 

NUMBER 

TYPE 

A PRIORI 
VAR  I ANCE 

FROM 

34 

A 

0.203 

1 

35 

A 

0.203 

1 

3ft 

A 

0.203 

1 

37 

A 

0.203 

2 

3B 

A 

0.203 

2 

39 

A 

0.203 

2 

40 

A 

0.203 

2 

41 

A 

0.203 

2 

42 

A 

0.203 

3 

43 

A 

0.203 

3 

44 

A 

0.203 

3 

45 

A 

0.  203 

4 

4ft 

A 

0.203 

4 

47 

A 

0.203 

4 

48 

A 

0.  203 

5 

49 

A 

0.203 

5 

50 

A 

0.  203 

5 

51 

A 

0.203 

6 

52 

. A 

0.203 

ft 

53 

A 

0.203 

6 

54 

A 

0.  203 

6 

55 

A 

0.  203 

6 

Table  1.4  (Continued) 
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Chapter  2.  Terminology  and  Notation 
2 . 1 Introduction . 

The  purpose  of  this  chapter  is  to  define  the  basic  concepts  which 
will  be  applied  in  later  work.  Although  specifically  to  be  applied  to 
the  design  of  horizontal  control,  the  basic  ideas  developed  in  this 
chapter  will  be  applicable  to  any  "design  of  experiments"  problem. 

The  discussion  of  mathematical  models,  variance  and  propagation  of 
errors  should  not  be  considered  as  applied  only  to  the  horizontal 
control  itself.  These  concepts  will  also  be  correct  for  the  definition 
of  the  off-diagonal  terms  of  a hypothetical  variance-covariance  matrix 
in  Chapter  4 and  a solution  to  the  recovery  of  weights  problem  derived 
in  Chapter  6. 

Consider  the  mathematical  model 

0-fCXa,i.)=<o.-FW 

relating  a set  of 

quantities,  Lql.  , which  can  be  the  theoretical  (true)  or  adjusted 
values  of  observations  in  the  case  of  horizontal  control  establishment, 
through  a set  of  parameters,  X,  . If  the  number  of  quantities 
L<jl_  is  and  the  number  of  parameters  is  ix  , when  \n  ~>  (A  the 

standard  minimum  variance  solution  for  the  corrections  X to  some 

approximate  values  of  parameters,  XT0  , is: 

X>-  (A'i-'AVU'S-'W 

= 2T«»e  12,1 
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where  fa  E.  , the  design  matrix  of  parameters,  is  evaluated  at  L ^ , 

"X0  ( Z.b  is  a vector  of  "observations"  which  has  associated  with  it 

a variance-covariance  matrix,  ^ ) . The  vector  W is  called  the  mis- 

closure,  J (.Xq  f L^)  , or  L^~  FQ^,)  and  J is  the  true 

value  of  parameters. 

The  matrix  N = A , will  be  referred  to  as  the  network 

free  normals  or  free  normal  matrix  which  in  every  case  will  be  rank 
deficient  (i.e.,  Rank  ( S)  } 4 U.  ). 

The  estimate  of  the  variance-covariance  (V/C)  matrix  for  the 
parameters,  , if- 


4 -(a'£~'a)'  = n 


.1 


(2.2) 


Often  in  geodetic  problems,  however,  /V  is  a positive  semidefinite 

matrix  (i.e..  Rank  (KJ ) C (X  ).  This  does  not  mean  that  no  solution  exists. 

* 

On  the  contrary,  many  solutions,  X , satisfy  the  minimization 

condition,  none  of  which  is  unique,  in  the  sense  that  many  different 
* 

values  of  ■*  X satisfy  the  mathematical  model  (Graybill,  (1961). 

Customarily,  a constraint  is  applied,  either  absolutely  or  with  an 
appropriate  weight,  as  indicated  in  Pope  (1971) . 

Weighted  constraints  may  be  thought  of  as  the  additional  contribution 
to  the  normal  equations  of  additional  design  matrix  rows  from  direct 
observations  of  some  (or  all)  of  the  parameters.  Thus  equation  (2.1) 
becomes: 


x = -(  A‘£-'A  +P*)' 
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(2.3) 


where 


is  a diagonal  matrix  whose  non-zero  elements  sure  the 


L 

weights  assigned  to  specific  parameters.  Note  that  in  this  form  the 
"observed"  parameters  are  assumed  to  have  the  same  values  as  those 
used  as  (2.1)  above,  .Xo  . 

The  inherent  uncertainties  introduced  to  the  parameters  by  the 
"observations"  themselves  are  among  those  items  to  be  studied,  due  to 
the  fact  that  the  usual  minimum  constraint  solutions,  which,  in  effect, 
fix  one  or  more  of  the  parameters  so  that  the  rank  and  order  of  the 
normal  matrix  are  equal  but  no  more  than  that  number  required  to 
accomplish  this  equalization  of  rank  and  order,  are  unsatisfactory. 
Since,  a priori,  no  station  is  known  exceptionally  well  as  compared  to 
any  other  in  the  net  as  a result  of  measurements  taken  within  the  net, 
fixing  one  or  more  of  the  parameters  distorts  the  V/C  matrix  of  the 
remaining  parameters.  This  distortion  resulting  from  fixing  stations 
takes  the  form  of  small  error  ellipses  for  station  coordinates  in  the 
immediate  vicinity  of  fixed  stations.  The  area  of  the  ellipse  tends 
to  increase  for  stations  at  greater  distances  from  the  fixed  stations. 
This  pattern  of  increasing  areas  of  error  ellipses  is  not  easily 
reconcilled  physically  with  the  quality  of  the  observations  which  define 
the  stations. 

A constraint  which  does  not  cause  this  kind  of  distortion  is  that 
implied  by  the  generalized  inverse  family  of  solutions  to  the  consistent 
set  of  normal  equations,  (2.1),  as  described  in  Uotila  (1974b)  and 
Graybill  (1969) . Since  this  family  also  presents  problems  with  unique- 
ness, a unique  member  of  the  generalized  inverse  group  is  chosen, 

hereafter  called  the  pseudo- inverse  and  symbolized  as  N . A matrix 
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P, 


L 


r.  


A 


fulfilling  the  following  four  conditions  (2. 4-1-4)  defines  a unique 
solution  to  eq  (2.1)  and  as  indicated  in  a later  section,  a unique  V/C 
matrix  of  parameters. 


N Nr*l  -iv/  2.4-1 

Wlf  N \Jr  - Nf  2.4-2 

c UN')'  = 2 4 3 

(N+NjV=N l*N  2.4-4 


The  constraint  implied  by  the  pseudo-inverse  is  the  minimization 
of  XX,  subsequent  to  the  minimization  of  the  weighted  sum  of  the 
squares  of  the  residuals  of  the  observations.  The  physical  implications 
of  the  constraint  as  well  as  an  alternate  view  of  the  solution  vector, 
in  line  with  the  thinking  of  Grafarend  (1973)  will  be  discussed  in 
section  2.3.2. 

To  demonstrate  that  the  pseudo- inverse  solution  does  minimize 
/ X , define  a function  as  indicated  below  and  minimize  it 

with  respect  to  the  only  variable,  X 


where 


x'  X - 2.  o’  {N  X * u ) 


\£  S A’  £"'  'A/ 

u • U.  yy  h * Hi 


and 


J is  a vector  of  (unknown)  Lagrange  multipliers. 

Then  2 if  = x-  N J 


X-  N J = <9 


( [\J  symmetric) 
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(2.5) 

j 


I 


and  hi  X * t-'C  = O 


(original  normal  equations) 


(2.6) 


A constraint  which  satisfies  both  (2.6)  and  (2.5)  enforces  the 

i 

minimum  variance  and  X X conditions  sequentially. 

Assume  that  for  a given  set  of  equations: 

A U 

K KVi  vrQ  l 


=•  b 

**  i 

is  a solution.  Does  this  satisfy  eq  (2.5)  and  (2.6)? 


From  (2.6) 


X=  -wt- u. 


From  (2.5) 


J " NrX  = -NX /nTi*. 


Then: 


O - - f N NJ+  NtTX 


(2.7) 


but  N N*  — {NN*')  - hJ  l\) 


from  (2.5)  and  (2.6) 
from  2.4.3 


and  assuming  symmetry  in  the  W*  due  to  the  quadratic  form,  (\J 
Substituting: 

O-  -NtVi  + f\ltN 

Since  this  is  true  for  all  values  of  /\)  , eq  (2.7)  is 

satisfied. 

Note  that  only  two  of  the  four  properties  of  the  pseudo-inverse  are 
required  to  prove  the  proposition  that  a minimum  X ' X constraint 

solution  is  attained.  These  properties  are  2.4.2  and  2.4.3 
Alternatively,  if  equation  2.7  is  again  considered 


O = - NrTJL  r y Nti^JrlX 
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(2.7) 


I 


it  will  now  be  shown  to  be  true  if  properties  2.4.1  and  2.4.4  are  true. 


Substituting  the  result  of  the  first  minimization  in  equation  2.7,  if 
NK+U=  O then  IX  = -NX  and  M TfJ  X - /\j\J  t/\Jr,y/  r Q 

But  NJ  using  property  2.4.4,  so  equation  2.7  becomes 

- N rM  f\lfKlX  -O 

Now  Aj  r /\J  using  property  2.4.1,  so  the  above  further 

reduces  to  |\J  Vl  X - N ^ - O 

where  /\J  if  0 if  ^ O.  That  is,  if  the  vector  is  not  identically 
zero,  this  implies  that  some  correction  to  the  parameters  exist,  i.e.X^O. 

Therefore,  either  2.4.1  and  2.4.4  or  2.4.2  and  2.4.3  are  required  to 
prove  the  minimum  X X condition.  If  the  usual  approach  is  taken  to  the 
definition  of  generalized  inverses,  the  least  restrictive  of  the  family 
obeys  at  least  2.4.1  and  so  the  former  of  the  two  conditions  is  less 
restrictive  than  the  latter.  Also,  since  KJ  is  a quadratic  form  (and 
therefore  symmetric)  and  f\J^"is  a variance  covariance  matrix  and  must  be 
symmetric,  property  2.4.3  implies  property  2.4.4.  It  is  unclear  why 
the  above  approach  to  generalized  matrices  is  taken,  and  in  the  following 
development,  neither  the  assumption  that  an  inverse  obeying  2.4.2  must 
obey  also  2.4.1,  nor  the  implication  that  2.4.3  implies  2.4.4  is  enforced. 

Therefore,  any  matrix,  C\  , which  has  the  properties: 

(T  M Q = 6[ 
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(NCrV  = N C( 

A 

where  X = - Cl  CC 

or,  alternatively,  any  matrix,  H , which  has  the  properties: 

N H N - M 
ifiN)1  = HIV 

where  $ = - H XC 

^ / 

lead  to  the  same  solution  vector,  X , which  is  the  minimum  X X 
or  minimum  norm  solution. 

A 

Since  the  same  solution  vector,  X / may  come  from  other  than 
pseudo-inverse  solutions,  it  is  appropriate  to  ask  why  the  pseudo- 
inverse rather  than  Cj-  or  H is  used  in  this  study.  There  are 
three  principle  reasons  for  the  choice  of  the  pseudo- inverse.  These 
are: 

1.  The  pseudo- inverse  is  unique  and  will  be  used  to  form  a 

unique  variance-covariance  matrix  for  the  parameters. 

While  the  parameter  values  are  the  same  for  any  of  the  above 
choices  of  solution  scheme,  the  uniqueness  of  the  pseudo- 
inverse facilitates  comparisons  of  solutions  from 
different  sets  of  mathematical  models  and  observations. 

2.  The  pseudo-inverse,  alone  in  the  family  of  generalized 
inverses,  has  the  property  that  the  pseudo- inverse  of  the 
pseudo- inverse  of  the  free  normals  gives  the  free  normals 
as  the  result.  This  will  be  demonstrated  in  Chapter  6 and 
this  fact  will  form  an  integral  part  of  the  application  of 
weight  recovery  techniques  discussed  there. 
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3.  The  pseudo-inverse  is  a minimum  trace  variance-covariance 
matrix  for  the  X solution.  This  will  be  demonstrated 
in  section  2.2  and  is  a consequence  of  the  minimum  norm 
(pseudo  inverse)  solution. 

Since  the  solution  vector  for  the  parameters  is  now  determinable, 
consider  /yTl  quantities  of  interest,  , related  to  the  parameters, 

y~  , in  the  following  manner: 

I = fCk) 

*1  I 

Linearizing 

T 4-v  =X  = cx 

-l-o  T 1 where 

"»  i I"  i ^ 

C=n  > Y'CX 

and 

D-  T0  = «*,) 

Assuming  that  + X ) - X andf(X-V)  =1  , where 

X is  the  true  value  of  X and  Y is  the  true  value  of  y1  and 

applying  the  definition  of  the  variance-covariance  matrix  given  by 
Graybill  (1961)  then: 

2*  * e C <i  -V  Cl  = 5(9-  v)(f'0 

If  y - CX  then  V-  CX  and  substituting  in  the  definition: 

= £(£  x-  c xXcx  -cx ) 

This  expression  may  be  factored  to  remove  the  constant  matrix,  C.  , 


giving 


2t  ^[cC^-xXx-x/c1] 


Since  the  C matrix  is  not  affected  by  the  expectation  operator,  it 
may  be  removed  from  the  brackets. 
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Again  applying  the  definition  of  Graybill,  this  time  for  "X  / this 
becomes 

- C 4 c 1 

The  above  equation  enables  the  planner  to  form  an  estimate  of  the 
V/C  matrix  of  ancillary  quantities  from  a knowledge  only  of  the 
approximate  values  for  the  parameters,  , along  with  a knowledge 

of  the  variances  of  proposed  observations. 

2.2  Estimates  of  the  variance  covariance  matrices  of  parameters. 

In  the  case  of  rank  difficiency  in  the  free  normal  equation,  the 
pseudo-inverse  of  the  normal  matrix  represents  the  degenerate  V/C 
matrix  for  the  parameters  (Pope  (1971)).  Symbolically,  = Nr  ■ 

since  estimates  of  the  variances  of  the  observations  are  used  to  form 
the  normal  matrix,  i.e.  f\l  — /\  A • Note  that  this  statement 
may  be  considered  a consequence  of  the  previously  developed  scheme 
for  the  propagation  of  variance,  applied  to  the  observations  themselves. 

(inconsistent) 

(consistent  through  the 
minimization  of  the  variance) 
Then  2-xx.  = ^ Ji.  A J using  the  rules  for  propagation,  since 

W by  previous  definition.  Then 

r't  £*'  * £-■ 
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NXt\X  =0 


/ a'  y.  n / /✓— I * \ 


f 


Then 


.?«  = A'i-'A 


If 


y r _ 


Then 


= - NV  (-M+)  - NrNNT  = N + 


using  the  characteristics  of  the  pseudo- inverse  previously  stated. 

Pope's  (1971)  concept  of  (A  ) as  a degenerate  error 

hyperellipsoid  may  be  misleading.  The  pseudo-inverse  solution  of  the 
normal  equations  is  considered  here  to  be  the  V/C  matrix  of  parameters 
as  a result  of  an  imposed  constraint  just  as  any  other  minimum  constraint 
solution  is  ordinarily  considered.  Since  this  is  a minimum  constraint 
solution  for  the  adjusted  observations  (in  the  sense  defined  in  Pope 

(1973))  and  parameters,  all  the  concepts  of  point  estimation  of  estimable 

* i f 

quantities  apply  to  the  N as  well  as  to  any  other  minimum  constraint 
solution. 


2.2.1  Estimable  quantities  and  tests  for  estimability . 

The  definitions  of  estimable  and  linearly  estimable  quantities  are 
quoted  below  for  completeness  (Graybill  (1961)). 


"Definition  11.2  A parameter  (a  function  of 
parameters)  is  said  to  be  estimable  if  there  exists 
an  unbiased  estimate  of  the  parameter  (of  the 
function  of  the  parameters) . 

Definition  11.3  A parameter  (a  function  of 
parameters)  is  said  to  be  linearly  estimable  if 
there  exists  a linear  combination  of  the  observa- 
tions whose  expected  value  is  equal  to  the  para- 
meters (the  function  of  parameters),  i.e.,  if 
theia  exists  an  unbiased  estimate." 
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Mathematically,  for  any  function  of  parameters: 

JlrCc & 

C ^ (linearized)  , Ffc) 


and  if 


C = CW*N 


Then  the  quantity  (>  -i-  is  estimable  with  a unique,  unbiased 

estimator,  — CL/k/+TX  r and  a variance  C (Rao  (1962)  and 

Searle  (1965)).  The  mathematical  estimability  criterion,  above,  can 
be  used  as  a test  of  a specified  quantity's  estimability  with  respect 
to  some  set  of  observations  and  free  normal  equations. 

In  effect,  since  the  residuals  for  observations  for  any  minimum 
constraint  solution  are  the  same,  and  all  linearly  estimable  quantities 
can  be  thought  of  as  functions  of  the  adjusted  observed  quantities,  the 
predicted  point  estimate  of  any  estimable  and  its  variance  are  invariant, 
regardless  of  the  choice  of  minimum  constraint. 

The  consideration  that  the  X X minimum  is  one  of  the  family  of 
minimum  constraints  with  some  physical  interpretation  which  is  then 
applied  to  the  rank  deficient  normal  equations  of  the  free  network  provides 

a way  to  reason  around  the  objections  raised  by  Grafarend  and  Schaffrin 
(1973) . This  constraint,  incorporated  into  the  formation  of  the  normal 
equations  before  an  inversion  is  attempted,  results  in  the  elimination 
of  some  of  the  parameters  and,  with  them,  the  rank  deficiency. 
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The  alternate  to  the  acceptance  of  the  constraint  implied  by  the 
pseudo- inverse  is  to  accept  the  Grafarend  and  Schaffrin  argument  that 
this  V/C  matrix  is  physically  meaningless  and  concentrate  on  the 
variances  of  the  est^mables.  In  subsequent  sections  the  former  approach 
is  taken.  This  does  not  invalidate  the  conclusions  drawn  with  respect 
to  the  estimables  if  the  V/C  matrix  of  parameters  is  indeed  physically 
meaningless  when  derived  using  the  pseudo-inverse.  Since  the  working 
surveyor  is  generally  not  interested  in  non-estimable  parameters,  net- 
works can  be  designed  with  the  useful  estimable  quantities  in  mind  and 
then  transformed  from  the  X^X  minimuin  into  a more  physically  meaning- 
ful constraint  system. 


2.2.2  The  pseudo- inverse  as  a minimum  trace  V/C  matrix. 

The  variance  covariance  matrix,  , is  a minimum  trace  V/C  matrix 

as  a consequence  of  the  )(.X  minimization  and  the  use  of  the  pseudo  inverse 

in  computations.  This  is  shown  in  Pope  (1971)  where  the  trace  of  any 
, • . -e  C> 

other  variance  covariance  matrix,  p y , resulting  from  a minimum  constraint 
which  is  not  the  X X type  r is  given  as 

+rM+  -fv  = s') 

’where  R 3 DCftO'S'  s5  is  an  matrix  such  that  £ is  the 

linearization  of  the  XXconstraint  and  D is  the  linearization  of  the 
other  minimum  constraint.  Since  "hr  £/VT.£can  be  no  less  than  zero  (it  is 
the  sum  of  the  major  diagonal  elements  of  a matrix  which  is  of  quadratic 
form),  then 

For  the  lowest  value  of  , D 2 £ and  jY(£>/vjV)is  zero-  This 

is  a consequence  of  fc  N t being  zero,  which  can  be  seen  if  properties 

2.4.2  and  2.4.3  are  applied  to  that  term.  If  as  a definition,  the 

matrix  must  fulfill  these  conditions: 
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A £ - O and  d&f  C.Z'^1  \ O 

Then  £T  A/+£  - E'n^N^E  = £VtN^5  - £'1^  nW^AjE  - o 

t 

The  constraint  implied  by  the  XX  minimization  will  be  discussed  in 

further  detail  in  section  2.3.2.  It  should  be  noted  here,  however,  that 

/ 

this  minimum  trace  condition  applies  to  the  condition  as  compared  to 
others  in  the  minimum  constraint  family  only,  not  to  overconstraints. 

2.3  Application  to  horizontal  control  networks. 

2.3.1  The  mathematical  model. 

This  study  will  consider  the  problem  of  designing  the  net  of 
observations  required  to  position  points  on  a datum,  specifically  the 
present  North  American  Datum.  Three  types  of  observations  will  be  used 
in  this  design.  They  are  not  the  exclusive  choices,  but  represent  the 
most  common  ones  used  presently  in  establishing  horizontal  control. 

These  types  are: 

1.  Directions  as  observed  on  the  datum. 

2.  Distances  as  measured  on  the  datum. 

3.  Astronomic  azimuths  transformed  into  Laplace  azimuths  in  the 
usual  way  (Rapp  (1969))  as  measured  on  the  datum. 

The  reduction  of  the  actual  observations  to  this  datum  will  not  be 

considered.  Estimates  of  variances  for  observations  will  be  assumed  to 

refer  to  these  datum  observed  quantities. 

There  are  many  versions  of  the  coefficients  in  the  linearization  of 

the  mathematical  model,  eq  (2.1),  in  this  case.  These  range  from  a 

planar  approximation  for  very  local  nets  to  equations  developed  for  very 

widely  separated  points.  Arbitrarily,  the  linearized  equations  and 

coefficients  corresponding  to  a latitude-longitude  system  developed  by 
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Rapp  (1969)  and  the  Gaussian  Mid-Latitude  formulas  (Jordan,  Eggert, 
Kneissl,  1959)  as  stated  by  Gergen  (1970)  are  used  in  this  presentation. 
These,  following  the  usual  U.S.  custom,  measure  azimuths  clockwise  from 
the  south  and  longitudes  positively  to  the  west.  These  equations  are 
given  below. 

1.  For  a direction,  , observed  at  station  i to  station  k 


S D;*  * cT*c  ~ 7“  ~ ^ A hi  4jfe 


- ^ QhL  <fl  S\ L ■*  dcrCL  c fh 


(2.10) 


2.  For  a distance,  S , observed  between  stations  i and  k 


(2.11) 


3.  For  an  azimuth,  ' observed  at  station  i from  the  south 

to  station  k. 

$A't = -t  rfi **■  4*  <W>;  <*4  ' 

+ 0*-A±<,£\k~\  (2.12) 

The  equations  used  in  solving  the  direct  and  inverse  problems  for 
stations  in  the  net  are: 

A - N^XO^Cl- txf] 

-sc *la  --h^ [i  + ^^i-^-y/V 

i $ v v 

= aAs*k<([\  * t -j 

14V4  Y J 
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Where  are  radii  of  the  reference  datum  ellipsoid  in  meridian 

and  prime  vertical  respectively,  at  station  j »if  unsubscripted  they 
refer  to  the  mean  latitude  between  two  stations) 

^ 

t - to*  <D 
V2-  Itf- 


is  the  azimuth,  measured  from  the  south,  to  station  k from 


station  i. 


I 


L 


\ 1 it,  V,  <? 

AA  --  A Ok.  -/Uc  *ir 


correspond  to  the  mean  latitude. 


and 


is  the  second  eccentricity. 


2.3.2  Some  comments  on  the  physical  interpretation  of  the  minimum  constraint. 
Three  types  of  networks  will  be  discussed  in  this  study.  These  are: 


1.  Networks  formed  from  directions,  azimuths  and  distances 
(rank  deficient  by  two) 

2.  Networks  formed  from  directions  and  distances  (rank 
deficient  by  three) 

3.  Networks  formed  from  directions  and  azimuths  (rank 
deficient  by  three) . 

The  above  were  chosen  from  all  the  possible  combinations  of  directions, 
distances  and  azimuths,  as  representing  the  most  commonly  observed  types. 
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2. 3. 2.1  Networks  with  directions,  azimuths  and  distances. 

The  minimum  constraint  for  this  formation  of  the  normal  equations 
is  the  definition  of  an  origin,  classically  done  by  fixing  the  latitude 
and  longitude  of  one  station.  This  is  not  the  only  choice  of  constraint 
in  this  situation.  The  fixing  of  any  individual  latitude  and  longitude 
of  different  points  within  the  net  will  also  result  in  a minimum 
constraint.  As  indicated  in  Pope  (1973) , the  pseudo-inverse  in  this 
case  corresponds  to  the  Cayley  inverse  of  the  following  bordered  matrix: 


A'iJA  E 

u u u r 


\r=  u.  - I'1/) 


r 

where  C.  , the  null  space  matrix  of  the  free  normal  equation  matrix, 
hJ  , (for  formal  definition,  see  Graybill  (1969),  DFN  5.4.2)  is  a 
column  matrix  which  is  U.  by  V"  . Any  matrix  such  that 


hi  t ~o 
A £ =o 


and  determinant  (e'O  \o 


define  either  the  null  space  matrix  or  a linear  combination  of  the 
columns  of  the  null  space  matrix.  These  may  be  attributed  to  an 
absolute  constraint  (X  c Q which,  in  linearized  form,  becomes: 


E'x  ^ vv/ r-0 


r u n.i  y"  i 


where  VJ,  E Cj(Xo ) 


It  would  be  convenient  to  think  of  this  as  an  inner  origin  constraint 


in  the  sense  defined  for  space  rectangular  coordinates  by  Blaha  (1971) 

46 


and  Pope  (1973) , where  the  physical  constraint  implies  the  fixing  to 
some  value  of  the  sum  of  the  corrections  to  each  of  the  independent 
coordinates.  Thus,  for  ^ points,  the  adjusted  coordinate  is  the 
approximate  coordinate  with  the  addition  of  the  difference  between  the 
fixed  value  and  the  sum  of  all  other  corrections,  to  like  coordinates. 
Examination  reveals  that  this  is  not  the  case  in  the  (ft  , A ,2 
coordinate  system,  which  is  not  a mathematically  "flat  space". 

Consider  the  constraints: 


X Me 


= constant 


XS>i 


= constant 


which  linearize  to: 


Ef  = [O';  I \6' 


:o\  lio] 


(2.14) 


--  Co;  o; 


: i!  - 


where 


O ■ o ; I 1 


(2.15) 


For  the  latitude,  this  implies  that  for  a direction  i to  k, 

from  the  formation  of  the  product  AE  using  the  coefficient  in  eq  (2.14) 
In  a very  local  area 

/£>  - 2)>K/4^t 

Me 


but  in  general,  this  is  not  correct  for  the  distance  involved  in  the 
test  nets  used  here. 

For  the  longitude  unknowns,  this  constraint,  the  vector  E. ^ , 

equation  (2.15),  satisfies  the  observations  of  direction  and  distance, 
but  when  applied  to  those  for  azimuth  it  too  falls,  even  in  very  local 
areas  because  of  the  sin<^'  term  in  the  coefficient  for  station  i 
(the  observing  station)  of  the  linearized  azimuth  observation  equation 
(2.12).  This  extra  term,  not  present  in  the  direction  equations,  is 
introduced  to  account  for  a change  in  the  azimuth  due  to  a change  in  the 
approximate  correction  made  to  the  astronomic  azimuth  for  the  deflection 
of  the  vertical  in  the  longitudinal  direction  (Rapp  (1969) ) . 

Whatever  the  exact  form  of  the  £ constraint,  however,  an  origin 
of  some  sort  is  defined.  In  further  discussion,  this  will  be  referred 
to  for  convenience  as  the  inner  origin,  but  its  definition  will  not  be 
that  of  Blaha  and  Pope.  For  test  nets  of  small  size  (up  to  15  stations) 
with  distances  not  exceeded  100  km  at  moderate  latitudes,  generally, 
the  following  quantities  are  estimable: 

1.  Distances  between  stations  in  the  net, 

2.  Azimuths  from  station  i to  j (i  \ j) 

3.  Angles  made  by  lines  of  sight  from  the  k and  j stations 
as  observed  from  i (i  % j ^ k) 

The  above  is  not  an  all  inclusive  list  and  testing  for  estimability 
for  other  quantities  will  be  discussed  in  section  2.4. 
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2. 3. 2. 2 Networks  with  directions  and  distances. 


In  this  situation,  the  design  matrix  is 

A - \A° '*  ] 

l A M5U 

where  ft  has  the  same  parameter  order  as  in  2. 3. 2.1. 

Surprisingly,  the  simple  inner  origin  condition  for  longitude  is 
now  usable,  indicating  an  origin  change  from  the  previous  network, 
contrary  to  the  scheme  suggested  by  Pope  (1973),  for  space  rectangular 
coordinate  systems.  Whether  this  is  due  to  the  very  different  coordinate 
systems  considered  here  or  to  the  reduction  of  the  astronomic  azimuth 
is  unclear. 

The  rotation  null  space,  Ey  , for  the  cartesian  coordinates  given 
in  Pope  (1973)  is  also  usable  only  in  a very  limited  sense.  If 


e^DI-X!*; ' 1 Mi! &•] 


for  this  datum  and  for  a direction 


i “ —r  Act  At  - ^ fa  Ajt  - c&^<Pa  Qp/a 

SiM  5(X 

which  is  true  in  very  local  areas. 

Again,  while  the  planar  solutions  for  the  £.  constraint  are 
apparently  in  only  very  limited  value  in  physical  interpretation,  the 
following  are  estimable  quantities  useful  to  surveyors. 


1.  Distances  between  points  in  the  net. 

2.  Angles  involving  net  points  as  described  in  2. 3. 2.1. 
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2. 3. 2. 3 Networks  with  directions  and  azimuths. 


The  same  type  of  analysis  can  be  performed  on  this  type  of  design 
matrix.  Again  the  physical  interpretation  of  the  implied  constraint  is 
unclear,  but  the  following  quantities  are  estimable: 

1.  Azimuths  between  points  in  the  net. 

2.  Angles  involving  net  points  as  previously  defined. 

2. 3. 2. 4 Interpretation  of  the  variance  derived  from  the  pseudo-inverse. 

Whatever  the  physical  interpretation  of  implied  constraints,  it  is 
convenient  to  consider  the  matrix  defined  by  the  pseudo- inverse  to 

be  a measure  of  the  error  implied  in  station  coordinates  due  strictly  to 
the  uncertainty  in  the  observations.  As  an  empirical  rule  of  thumb 
resulting  from  numerical  tests  on  a series  of  networks  with  different 
configurations,  which  will  provide  some  starting  point  in  the  investiga- 
tion of  the  variances  for  different  designs,  the  standard  deviation  of  a 
station  coordinate  computed  through  some  other  minimum  constraint  will 
be  expected  to  vary  from  that  of  the  pseudo-inverse  constraint  by  up  to 
three  to  five  times  the  magnitude  of  the  pseudo  solution.  This  will  be 
useful  in  its  reverse  application  where  some  maximum  stan’  rd  deviation 
for  any  station  in  the  net  is  specified  for  a given  (or  unstated) 
minimum  constraint,  other  than  the  pseudo- inverse.  For  those  adopting 
the  view  that  the  pseudo-inverse  V/C  matrix  of  parameters  is  meaningless, 
the  numerical  operation  is  still  correct  in  the  investigation  of  those 
quantities  which  are  estimable,  even  though  the  interpretation  is 
unacceptable  when  discussing  the  variance  of  station  coordinates. 
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2.4  Other  user  specified  estimable  quantities. 


If  doubt  exists  as  to  what  is  estimable  for  a specific  circumstance, 
and  application  of  the  word  definition  given  by  Graybill  is  unconvincing, 
the  definition  of  Rao  may  be  applied.  This  definition  is  exact  for  an 
exactly  defined  linear  model.  In  the  case  of  horizontal  control,  where 
the  linearized  model  is  used  and  coefficients  are  derived  making  assump- 
tions and  approximations  the  definition  may  be  less  clear.  To  check 
estimability,  it  is  suggested  that  a sample  solution  be  performed  using 
at  least  one  of  each  type  of  observation  thought  to  be  needed  with  at 
least  one  degree  of  freedom.  This  will  define  N and  f\j  ^ . To  test 
the  effect  of  approximations  and  numerical  roundoff,  not  only  should  the 
user  required  quantity  in  question  be  tested,  but  also  some  of  the 
observations  used  in  the  actual  formation  of  /V  should  also  be  tested 
using  the  mathematical  definition  in  section  2.2.1.  The  C (see 
section  2.2.1)  matrix  (vector)  in  this  instance  should  then  contain  rows 
from  the  original  design  matrix.  The  test  of  some  rows  of  the  design 
matrix  will  be  a very  good  indicator  of  the  extent  of  roundoff  present 
and  can  be  used  as  a yardstick  by  which  to  judge  the  estimability  of  the 
user  required  quantity  in  question. 

Two  numerical  examples  of  this  type  of  estimability  testing  are 
given  here  as  illustrations.  The  estimables  to  be  tested  are  derivable 
azimuths  in  the  first  test  and  distances  in  the  second.  In  tables  2.2 
and  2.3,  these  estimables,  in  linearized  form  are  denoted  as  members  of 
the  design  matrix  of  observation.  A,  since  they  are  "possible  observations" 
for  network  T3  as  well  as  estimables  (C) . Firstly,  network  T3  is  formed 
with  directions  and  distances  (rank  deficient  by  three)  and  the  pseudo- 
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inverse  performed  upon  the  free  network  normal  equations.  Then,  the 
matrix  of  some  representative  direction,  distance  and  azimuth  observa- 
tions is  formed,  Table  2.1,  and  tested  in  the  manner  described  in 
section  2.2.1.  Table  2.2  indicates  the  result  of  this  testing.  Note 
clear  difference  in  magnitude  between  the  roundoff  induced  "noise"  for 
coefficients  of  rows  (observations,  see  Table  1.2)  37,  38  (directions) 
and  rows  41,  42  (distances)  and  the  coefficients  in  rows  39  and  40  which 
are  azimuths  (and  theoretically  non-estimable  from  this  network) . 

The  network  was  reformed  with  observations  of  directions  and  azimuths 
used  and  a matrix  of  directions,  azimuths  and  distances  tested.  Table  2.3 
is  the  result  of  that  test.  Note  again  the  clear  differences  in 
magnitudes  of  coefficients  between  the  roundoff  present  for  rows  37,  38, 

39  and  40  (directions  and  azimuths  respectively)  and  the  coefficients  of 
rows  41  and  42  (the  non-estimable  distances). 

These  examples  illustrate  in  a clear  way  the  manner  in  which  more 
complex  user  proposed  estimables  may  be  checked  against  designer  choice 
of  observation  types.  In  tests  performed  on  such  other  estimables  as 
areas  and  angles,  for  the  four  test  networks  mentioned  in  section  1.4, 
this  pattern  of  small  magnitude  roundoff  noise  in  C f\l  coefficients, 
as  compared  to  those  of  the  O matrix,  for  estimable  quantities  as 
opposed  to  distinctly  larger  magnitude  coefficients  in  Cf^Nl  for 
non-estimable  quantities  was  always  evident.  In  conclusion,  it  would 
appear  that  the  estimability  of  any  user  specified  quantity  can  always 
be  ascertained  by  testing  in  the  manner  suggested  in  section  2.2.1  and 
illustrated  above. 
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DFSCRIRTION  Oh  THE  OBSERVATIONS 


KEY  - D INDICATES  A DIRECTION 

(UNITS  FOR  VARIANCE  ARE  ARC  SECONDS  SQUARED) 


A INDICATES  AN  AZIMUTH 

(ONUS  FOR  VARIANCE  ARE  ARC  SECONDS  SQUARED) 

S INDICATES  A DISTANCE 
(ONUS  FOR  VARIANCE  ARE  MEIERS  SQUARED) 


OBSERVATION  TYRE 
NUMBER 


A RRIURI  FROM  TO 

VARIANCE  STATION  station 


1 

D 

0.  160 

1 

2 

D 

0.  160 

1 

3 

D 

0.  160 

1 

4 

D 

0.  160 

2 

5 

D 

0.  160 

2 

6 

D 

0.  160 

2 

7 

D 

0.  160 

3 

R 

f) 

0.  160 

3 

9 

D 

0.  160 

3 

10 

D 

0.  160 

3 

1 1 

D 

0.  160 

3 

12 

D 

0.  160 

4 

13 

D 

0.  160 

4 

14 

D 

0.  160 

4 

15 

D 

0.  160 

4 

16 

D 

0.  160 

4 

17 

D 

0.  160 

4 

1H 

0 

0.  160 

5 

19 

D 

0.  160 

5 

20 

D 

0.  160 

5 

21 

D 

0.  160 

5 

22 

D 

0.  160 

6 

23 

D 

0.  160 

6 

24 

D 

0.  160 

6 

25 

D 

0.  160 

6 

26 

D 

0.  160 

6 

27 

D 

0.  160 

6 

28 

D 

0.  160 

7 

29 

D 

0.  160 

7 

30 

D 

0.  160 

7 

31 

D 

0.  160 

7 

32 

D 

0.  160 

7 

33 

0 

0.  160 

H 

34 

D 

0.  160 

8 

35 

1) 

0.  160 

Ta bl  e 2.1 
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8 

DESCRIPTION  OH  THfc  OBSERVATIONS 
( CONTINUED) 


OBSERVATION 

NUMBER 

TYPE 

A PRIORI 
VAR  I ANCE 

FROM 

STATION 

TO 

STATION 

36 

D 

0.  160 

9 

6 

37 

D 

0.  160 

9 

7 

3B 

D 

0.  160 

9 

8 

39 

A 

0.203 

1 

2 

40 

A 

0.  203 

H 

9 

41 

S 

0.  1 13X10#*-2 

1 

2 

42 

S 

0. 107X10**-2 

a 

9 

i 


Table  2.1  (Continued) 
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NUMBER  OF  OBSERVATIONS 


NO.  OF  DIRECTIONS  = 3 P 

NO.  OF  AZIMUTHS  = 0 

NO.  OF  DISTANCES  = ? 


TOTAL  NUMBER  OF  OBSERVATIONS  * 40 


Table  2.2 
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Table  2.2  (Continued) 


THE  DESIGN  MATRIX  OF  OBSERVATIONS  (A) 
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Table  2 . 2 ( Con  t i nu  ed  ) 
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Table  2.2  (Continued) 


co  ao  r- 

co  cc  ~« 

c c o 

COO 

1 > 1 

1 1 ♦ 

coo 

o o c 

00  4 4 

OOP 

C CM  4 

C CM  CM 

• • • 

• • • 

<j^  iP 

O'  CP  CM 
1 1 

•C  -C  *C 

•o  < c 

??? 

??? 

COO 

coo 

cp  a 

mcm 

P-  <C  IP 

P-  P-  r\j 

• • • 

• * • 

fvi  r-  «v. 

CM  P 00 

I 1 1 

1 

C C P* 

C O 

-<  — o 

O 

1 1 1 

1 1 * 

coo 

o o c 

p-  o c 

p-  p-  r- 

>f  H00 

4 H M 

• • • 

• • • 

m 4 *-« 

CP  *4  <M 
1 1 

hSC 

P OC  C 

CO'-* 

o c -< 

B 

+ 1 1 

T i • 

Z 

coo 

c c o 

* 

'C  3 C 

CC  CM  O' 

CP  CP  O 

c 

• • • 

• • • 

o 

CM  <-<  CM 

H 

13 

1 

1 1 

u. 

— * 

A 

</> 

C 4>  4> 

eg 

•C  sc  c 

0. 

4 

c c c 

9 c c 

w 

w 

♦ 1 1 

w 

T i ♦ 

z 

o c o 

cop 

* 

* 

h > ir 

« 

< 

4 cc 

o a — 

B 

Z 

• • • 

2 

• • • 

o 

M 0C  (\J 

C 

CM  CC  CO 

LL 

1 1 1 

M 

O 

►- 

h* 

< 

coo 

< 

o c o 

►- 

> 

^ pH  pH 

> 

M H H 

o 

ec 

1 I 1 

a: 

1 1 1 

=> 

UJ 

o o c 

UJ 

coo 

C 

bO 

ao  P-  co 

C/i 

go  co  a 

o 

CD 

C p-  o 

tO 

CPO 

QC 

O 

• • • 

c 

• • • 

a 

(Nj  N N 

CM  CM  CM 

1 1 1 

u< 

X 

•1  CO  CO 

P-  CD  CO 

K 

COO 

o o o 

♦ 1 1 

coo 

1 1 1 

coo 

<c  4 ip 

O'  P CO 

cp  -h  p* 

IP  H P 

• • • 

• • • 

CM  43 

1 

H O p 
1 

c <c  «c 

43  <C  43 

O c o 

c c o 

♦ » 1 

1 1 1 

O O O 

coo 

■4-  ao  ip 

oo  o-  in 

co  •£  O 

mao 

• • • 

• « • 

■-*  IP  <4 
1 1 

CM  CP  4 

C C O 

pH  H 

i i i 
coo 

C c c 

pH  pH  pH 
III 

1 1 1 

o o c 

oo  r*  ec 

co  p-  «c. 

O «-i  4 

Ch4 

• • • 

• • • 

n 4 r 

CM  4 CP 

i r i 


59 


Table  2.2  (Continued) 


CHECK  OF  FSTIMABILITY 


NUMBER  OF  OBSERVATIONS 


NO.  OF  DIRECTIONS  = 38 

NO.  OF  A2IMUTHS  * 2 

NO.  OF  DISTANCES  = O 


TOTAL  NUMBER  OF  OBSERVATIONS  = AO 


Table  2.3 
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Table  2.3  (Continued) 


THE  PRODUCT  OF  "A*N(P$EUDO)*N" 
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Table  2.3  (Continued) 


Chapter  3.  Quantification  of  User  Requirements 
3 . 1 Introduction . 

Establishment  of  horizontal  control  at  a number  of  locations  for 
specific  subsequent  use  is  a matter  not  only  of  measurements  but  also 
of  cost.  While  it  would  be  ideal  to  be  able  to  design  "the  best"  net- 
work configuration  and  always  observe  in  "the  most  precise"  manner, 
however  one  defines  "the  best"  and  "the  most  precise"  in  terms  of 
accuracy,  it  would  be  safe  to  say  that  no  matter  what  definition  is 
applied,  this  type  of  network  would  also  be  "the  most  expensive". 

Whether  this  cost  is  justified  or  whether  a somewhat  less  accurate 
determination  will  be  satisfactory  is  a decision  the  user  and  designer 
must  make.  If  cost  effectiveness  is  one  of  the  externally  applied  factors 
on  a design,  the  user  and  designer  must  also  be  able  to  quantify  what 
"is  good  enough"  to  meet  the  user's  requirements. 

Consider  two  variance-covariance  matrices  resulting  from  different 
designs,  X and  JL  of  two  parameters  U and  2 


Judging  from  their  standard  deviations,  if  the  user  is  interested  only 
in  X , both  designs  define  these  parameters  equally  well.  If  the 
user  is  interested  in  a function  of  parameters,  -fc  , where  i_- 
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f 


T 


then  the  design  resulting  in  V/C  matrix  £ allows  •£  to  be  determined 
with  a variance  of  9 while  the  design  resulting  in  matrix  allows 

~t  to  be  determined  with  a variance  of  15.  Which  is  better,  cheaper, 
or  sufficient  for  the  user's  needs  are  questions  the  user  must  be  able 
to  answer. 

Design  of  a horizontal  network  and  required  observations  would  be 
made  simpler  if  user  requirements  were  stated  quantitatively  as  follows: 

1.  Station  location  accuracies  with  respect  to  a designated  datum. 

In  subsequent  discussions,  these  will  be  referred  to  as 
target  station  variances. 

2.  Required  estimable  quantities  and  their  largest  acceptable 
accuracies.  In  the  following  discussion,  these  will  be 
designated  target  estimable  variances. 

3.  Approximate  location  of  all  points  to  be  controlled  in  this 
network. 

The  above  is  not  an  all  inclusive  listing  but  even  so  it  is  probably 
more  than  can  be  expected  from  most  users.  The  discussion  that  follows 
will  assume  that  the  a priori  variances  assigned  to  observations  made  with 
particular  instruments  and  techniques  are  correct,  since  all  the  estimates 
of  the  variances  of  station  coordinates  and  estimable  quantities 
(estimables)  are  based  upon  these  values.  While  the  discussion  of  the 
estimables  will  be  limited  again  to  distances,  azimuths,  and  angles 
within  the  network,  the  general  guidelines  developed  will  be  applicable 
to  any  user  specified  quantity.  It  will  also  be  presumed  that  a 
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preliminary  reconnaissance  has  been  performed  so  that  intervisibility 
data  are  available. 

If  the  user  is  unclear  as  to  what  estimables  are  required,  a 
detailed  examination  of  the  ultimate  use  of  the  network  may  be  the  best 
indicator  of  which  quantities  are  important  in  design  and  also  which 
"types"  of  the  "observations"  will  be  required  to  establish  the  network. 
This  may  also  be  the  key  to  quantifying  the  target  variances  for  the 
required  quantities.  The  estimables  considered  in  this  study  fall  into 
the  general  categories  outlined  in  sections  2. 3.2.1  through  2. 3. 2. 3. 

For  example,  a network  used  to  control  the  path  of  a right  of  way  through 
a given  area,  whose  control  points  will  be  used  as  starting  and  ending 
points  for  supplementary  traverses  will  require  a scale,  so  distance  must 
be  one  of  the  estimables.  If  control  points  are  to  be  subsequently 
recovered  and,  before  proceeding,  the  surveyor  on  this  subsequent  mission 
is  required  to  verify  recovery  by  observing  a "check  angle"  (that  is, 
an  angle  between  the  occupied  station  and  two  other  inter-visible  stations 
in  the  network)  estimable  angles  will  also  be  required.  the  location 

of  parcels  of  land  will  also  be  required  on  the  project,  azimuth 
estimability  is  also  necessary  along  with  the  means  to  transform 
coordinates  from  the  pseudo-inverse  implied  constraint  into  the  system 
of  an  established  datum. 

If  only  scale  and  angle  estimability  are  required,  as  would  be  the 
case  in  some  relative  network,  the  "expense"  of  azimuth  observations  may 
i>e  avoidable. 
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Once  the  user  and  designer  decide  upon  the  estimables  to  be 
established,  the  actual  role  to  be  played  by  the  net  control  points 
should  be  examined.  If,  for  example,  check  angles  are  to  be  required 
for  subsequent  work,  some  criterian  for  the  predicted  (computed  from 
station  location)  angles  within  the  net  will  be  required,  since  the 
allowable  deviation  between  the  observed  angle  and  that  computed  from 
the  coordinates  will  set  the  accuracy  of  the  predictions  as  compared 

j 

with  the  accuracy  of  the  observation. 

If  the  network  is  to  provide  scale  to  purely  angular  subsequent 
observations,  the  final  accuracy  required  for  the  subsequent  work 
provides  an  ideal  of  the  accuracy  required  of  distances  within  the  net. 

For  example,  if  specific  pairs  of  stations  are  to  be  used  as  baselines 
for  class  II,  third  order  expansions,  the  standard  deviations  of  the 
distances  between  these  pairs  of  stations  should  not  exceed  one  part  in 
250,000  of  the  distance  (TABLE  2,  TRIANGULATION,  USDC  (1974)). 

If  the  user  is  only  interested  in  estimable  quantities  and  not  in 
the  positional  accuracy  of  the  station  coordinates  themselves,  the  station 
accuracies  will  be  considered  nominal  and  no  additional  survey  effort  will 
be  expended  to  meet  the  target  station  variances  once  the  criteria  for 
the  target  estimable  variances  have  been  met. 

In  subsequent  discussions  in  this  chapter,  the  control  network  will 
be  assumed  to  have  been  established  by  observations  and  adjustment 
techniques  which  result  in  a V/C  matrix  for  parameters,  expressing  the 
uncertainty  in  the  values  attributed  to  the  parameters.  The  effect  of 
this  uncertainty  in  the  positional  parameters  will  be  studied  as  it 


L 


68 


effects  the  determination  of  user  estimables.  All  "observations"  and 
instruments  referred  to  will  be  those  of  the  user  in  his  subsequent  use 


of  the  control  network. 

The  idea  developed  in  this  chapter  refers  to  only  one  of  the 
possible  bases  upon  which  the  accuracy  of  estimables  may  be  based. 


3.2  Criteria  for  estimable  target  variance  based  upon  instruments. 

If  the  estimable  quantities  in  the  network  are  to  be  used  as 
check  quantities  for  control  extensions  based  upon  the  net  (that  is, 
observations  made  at  the  start  and  end  of  the  extension  which  will  be 
compared  to  computed  values  based  on  station  coordinates  to  assure 
recovery)  criteria  can  be  developed  based  upon  the  instrumentation  to 
be  used  in  the  subsequent  extensions.  It  is  common  in  practice  to 
treat  already  established  higher  order  control  (in  this  case  the  network 
to  be  designed)  as  fixed  in  the  determination  of  the  values  of  such 
estimables  as  check  angles,  distances  and  azimuths.  Since  the  decision 
as  to  station  recovery  is  based  not  on  the  observation  but  on  the  dif- 
ference between  the  observed  and  predicted  (computed)  values,  the 
propagated  variance  for  this  quantity  is: 


««»*« o ^o»p»r^oft<jKTeJ 


\ 


where  S*op  is  the  variance  of  a subsequent  observation/prediction 
difference,  c/  , Go  is  the  variance  of  the  observation,  and 
^5p  is  the  variance  of  the  prediction. 

6p  is  a predicted  accuracy,  based  on  the  V/C  matrix  of  the 

station  coordinates.  For  a given  instrument,  crew,  and  technique 

q is  assumed  known  a priori.  In  this  subsection,  a method  will 

be  suggested  for  quantifying  accuracy  requirements  based  on  assumptions 

as  to  the  acceptability  of  D as  compated  to  „ • 

oostsweb  Counts i/pnitJui 

Probably  the  best  known  rule  concerning  the  acceptability  of  a 
measurement  is  the  one  based  on  rejection  of  any  measurement  deviating 
from  some  prescribed  value,  such  as  a mean,  by  more  than  three  times  the 
standard  deviation  of  the  measurement.  If  surveyors  using  the  control 
established  by  the  network  to  be  designed  use  this  rule  and  make  the 
common  assumption  that  the  existing  control  is  errorless,  the  size  of 

can  be  based  upon  this  rule  and  the  cost  of  re-observation  of  a 
given  measurement. 

Again,  the  difference  between  measured  and  computed  values,  d , 
of  a specified  observation  is  used  as  a basis  for  this.  If  this  dif- 
ference is  greater  than  3^  , the  measurement  is  rejected  and  is  to  be 
repeated.  Eq  (3.2)  indicates  that  the  correct  standard  deviation  to 


use  is  O 


op 


Since  ^ <o0  , that  which  the  observer  believes 


to  be  rejectable  may  in  fact  be  smaller  than  3£p  and  therefore  be 
acceptable. 
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The  more  expensive  the  observation  is  to  perform,  the  smaller 
should  be  the  possibility  that  it  is  erroneously  rejected  or  reperformed. 
If  the  usual  assumption  of  normality  is  made  for  this  difference,  then 

p (-i-ecpc^c  3c*op )=  o.q<m 

The  designer  and  user  must  agree  upon  the  largest  probability,  acceptable 
to  both,  that  a "good"  measurement  will  be  rejected.  This  probability, 

, expressed  in  percent,  may  then  be  used  to  define  the  range  in 
which  d may  vary  and  still  be  acceptable.  Then,  using  the  probability 
distribution  function  for  the  normal  h(C^O  distribution,  the  maximum 
magnitude  acceptable  in  this  range  is  A and 

P ( 4 ) = 0.99?^  - <y,oo 


Then 


is  a statistic  distributed  as  > (O,  ') 
At  this  upper  limit 


since  the  maximum  magnitude  the  surveyor  will  allow  is 
Squaring 


A 


l 


3C*0 


Then 


( Wtk)c  ikww)  - 


re*/ 


(3.3) 
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(Note  that  the  lower  case  ft  has  been  used  to  denote  the  univariate 


normal  distribution  to  avoid  confusion  with  the  symbol  for  the  normal 
matrix  N . ) 

Table  3.1  indicates  the  representative  values  for  this  coefficient, 
C • Also  tabulated  are  the  values  for  the  2 sigma  (approximately 
95%  interval)  level. 

Table  3.1 

C Values  for  2)(/0  and  2 do  Rejection  Criteria 


a. 

C C 5G.  ) 

C OC.) 

5% 

1.39 

0.063 

10% 

2.38 

0.505 

15% 

3.40 

0.  955 

20% 

4.58 

1. 479 

25% 

5.92 

2. 376 

50% 

12.43 

7 . 908 

(X  is  the  percentage  probability  that  a blunder  (greater  than 
'bCoj Z ) actually  is  less  than  3 6?op  / 2 Cop 

Figure  3.1  graphically  illustrates  two  extreme  situations  in  applica- 
tion of  the  C values  from  table  3.1.  The  graph  labelled  5 percent 
indicates  the  normal  probability  density  function  indicating  that  the 
area  between  the  3C„/2  q and  3 dor/ ZCeP  limits  (that  is  the  probability 
than  an  observation  will  fall  between  those  limits)  is  5 percent.  The 
graph  labelled  25  percent  shown  directly  above  it  indicates  the  effect  of 
an  increased  CA,  value.  Note  that  while  the  [zG+  values  remain  at 
a constant  distance  from  the  central  axis,  the  result  of  increasing  the 
area  between  that  value  and  the  va^ue  a flattening  out  and 

elongation  of  the  probability  density  function  graph. 
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As  an  example  of  the  use  of  table  3.1,  suppose  that  some  observa- 
tion between  two  positions  has  a standard  deviation  of  1.0.  If  the  user 
decides  to  use  the  2>&a  value  as  a criterian  for  rejection  of  an 
observation  (that  is  \d[>5>Qo  ) and  will  accept  a 10  percent 

probability  that  an  observation  where  I d I is  greater  than  3(^0  is 
rejected  when  actually  3C0C\<i  | C.  How  large  may  be  and  meet 


this  users  requirement? 


(oo  ~ \ 0 


£*(  wajciMi/n)  - C ^>Z 

From  the  column  and  the  10  percent  row  of  table  3.1, 


Therefore 


0= 

- 2-  5 8 £ D 

- 2.S& 


If  the  user  instead  of  choosing  the  iC0  chooses  the  2Q0  value  as 
a rejection  cutoff,  for  the  same  example,  from  the  2 £ column  and  10 


percent  row  of  table  3.1 


c = o.  ro-r 


(w<XKt«UM)  --  o.  Sos 

This  f/p  value  is  the  maximum  variance  allowable  from  the  prediction 
of  the  user  (estimable)  quantity  from  the  values  and  uncertainties  of 
the  network  positional  parameters. 
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Comparison  of  the  5^>and  2 5 % r e j e c t i o n criteria 
Normal  Distribution  curves 


Figure  3.1 


The  discussion  of  the  nature  of  I Op  leads  to  an  interesting 
alternate  interpretation  of  . As  indicated  in  Theil  (1971)  in 

section  3.4,  the  user  estimable  may  be  considered  as  the  predicted 
dependent  value  in  a regression  prediction.  The  expected  value  of  the 
dependent  parameter  is  computed  from  the  parameters  called  here  the 
positional  parameters  and  the  expectation  operator.  The  variance  of 
the  dependent  parameter  as  given  by  Theil  and  applied  to  this  univariate 
case  is  nothing  other  than  The  interpretation  of  table  3.1  is 

that  the  coefficient  C is  the  ratio  between  the  variance  of  the 
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dependent  parameter  when  the  positional  parameters  are  considered  error- 
less, given  by  Theil  formula  4.8  and  the  variance  when  another  unbiased 
estimator,  in  this  case  the  predicted  value  from  the  positional  para- 
meters, is  used  in  addition  to  establish  the  user  required  value.  Again 
the  CL  value  is  the  percentage  probability  that  an  observation  or  other 
value  of  the  user  required  quantity  will  fall  between  3 ^op  and 
ft-  3 Ct>  or  p +3G*0  an<3  t 3 ^ p where  |§  may  be  assumed 

to  be  the  expected  value  of  the  quantity  in  question. 

3.3  Quantities  other  than  observations. 

This  same  approach  may  be  taken  for  quantities  the  user  is  interested 
in  which  will  not  be  directly  observed.  For  example,  suppose  that 
traverses  are  to  be  observed  using  different  control  net  points  as  start 
and  end  points.  The  user  would  be  interested  in  the  azimuth  and/or 
distance  between  start  and  end  points  so  that  closure  of  the  traverse 
may  be  checked.  If  the  observations  made  in  the  traverse  are  considered 
independent,  the  expected  accuracy  of  the  azimuth  and/or  distance  from 
the  observations  may  be  computed  and  used  as  the  £0  in  equation  3.3, 
for  each  proposed  loop.  A minimum  magnitude  of  this  type  of  standard 
deviation  may  be  defined  and  applied  to  specified  pairs  of  stations  or 
to  all  pairs  of  stations  in  the  network.  It  should  be  realized  that  the 
more  pairs  of  stations  involved,  however,  the  more  "expensive"  the 
network  may  be  to  establish. 

Each  quantity  which  can  be  quantified  as  described  above  or  in 
section  3.2  will  then  give  one  user  requirement.  Other  user  requirements 
may  be  made  as  additions  to  these  quantities.  All  these  user  estimable 
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requirements,  either  stated  or  generated  as  indicated  will  then  form 
the  basis  for  the  definition  of  a V/C  matrix  for  parameters  which  will 
be  "good  enough"  to  satisfy  the  user. 

3.4  Choice  of  station  variances  under  the  XX  minimum  constraint. 

It  is  entirely  possible  that  a user  requiring  horizontal  control 
for  some  specific  use  will  have  no  station  accuracy  requirement,  either 
for  the  A/*  or  some  other  minimum  constraint.  In  this  case  the  rule 
of  thumb  suggested  in  2. 3. 2. 4 cannot  be  used.  The  user  estimable 
requirements,  in  terms  of  the  variance  of  the  estimable,  offer  a means 
to  establish  some  nominal  station  variances.  The  "observation  equations" 
for  estimable  variances  given  in  Chapter  4,  eq  (2.10-12),  can  be  used 
with  the  following  simplifying  assumptions: 


1.  All  station  variances,  with  the  pseudo-inverse  implied 
constraint,  are  equal. 

2.  All  correlation  coefficients  in  the  V/C  matrix  are  positive 
and  equal  to  some  "largest  reasonable"  value  or  values,  for 
example  0.5  or  0.8. 


In  the  next  chapter,  equations  relating  the  estimable  variance  to 
those  of  the  positional  parameters  will  be  developed.  These  equations, 
4.4  or  4.7  depending  upon  the  type  of  estimable,  may  be  solved  backwards 
for  a sampling  of  the  estimables  and  some  mean  or  median  value  chosen  as 
a first  approximation  for  the  station  variances.  The  test  for  estim- 
ability  outlined  in  section  2 can  also  provide  the  values  of  these 


variances,  if  used  with  a reasonable  redundancy. 


Chapter  4.  A Solution  for  the  Variance/Covariance  (V/C)  Matrix  of 
Parameters  Which  Satisfies  User  Requirements 

4.1  Introduction. 

The  computation  of  the  variances  for  estimables  from  the  variance/ 
covariance  (V/C)  matrix  of  parameters  is  a clearcut  problem  whose 
solution  is  discussed  in  Chapter  2.  The  reverse  problem,  that  is,  the 
solution  of  a V/C  matrix  of  parameters  which  will  result  in  specified 
variances  for  estimables  is  less  clearcut.  In  this  chapter,  a solution 
for  this  V/C  matrix  for  parameters  is  outlined.  This  matrix  will  not  be 
a function  of  the  observations  used  to  establish  the  network  in  which 
the  estimables  exist,  but  will  be  based  solely  upon  the  user  requirements 
and  the  structure  of  V/C  matrices  in  general.  The  ultimate  use  to  be 
made  of  this  V/C  matrix  will  be  that  of  a "yardstick"  against  which 
other  V/C  matrices,  actually  generated  from  possible  observations,  will 
be  measured  for  adequacy. 

At  this  point  in  the  planning  process,  the  following  are  either 
defined  or  derived  characteristics  concerning  the  net  of  points  to  be 
controlled: 

1.  The  mathematical  model  relating  positions  and  such  observations 
as  directions,  distances  and  azimuths. 

2.  The  datum  in  which  the  point  coordinates  are  to  be  determined. 
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3.  The  estimables  the  user  requires  to  be  of  a certain  accuracy. 

4.  The  target  variances  for  these  estimables  and  an  idea  of  the 
value  of  the  target  variances  for  the  station  positions 
themselves. 

A quote  from  Bossier  (1972)  is  appropriate  in  this  case: 

"Suppose  that  you  are  holding  a potatoe  in  your 
hand  and  you  need  to  know  something  about  its  weight. 

There  is,  of  course,  a temptation  to  say  that  you  know 
nothing  about  the  weight  of  the  potato  a priori.  As 
Savage  points  out  here,  it  has  been  impossible  to  give 
a satisfactory  definition  of  the  tempting  expression 
"know  nothing".  Further,  any  prudent  man,  when 
obligated  to  mail  the  potato,  without  weiyiiing  it,  will 
find  that  he  knows  a great  deal  about  the  weight  of  the 
potato.  He  would  certainly  provide  enough  postage  so 
that  it  would  not  be  returned  and  that  it  would  not  be 
overpaid  by  500  percent. 

As  with  the  potato  described  above,  we  know  more  about  the  V/C 
matrix  of  parameters  of  the  net  to  be  established  than  is  at  first 
apparent.  This  knowledge  falls  into  the  following  categories: 

1.  Requirements  defined  by  the  user 

2.  The  characteristics  of  any  V/C  matrix 

3.  Desirable  additional  characteristics  for  the  V/C  matrix  of 
parameters . 

4.1.1  Requirements  defined  by  the  user. 

As  indicated  in  chapters  2 and  3,  the  user  defines  quantities 

which  are  to  be  estimable.  Upper  limits  are  to  be  placed  on  the  size 
of  the  variances  for  these  estimables,  either  by  direct  requirement  or 
consideration  of  the  use  of  the  network. 
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This,  if 


is  the  mathematical  model  relating  the  estimables  to  the  station  coordi- 
nates (in  this  case,  latitude  and  longitude),  applying  the  equations  for 
the  propagation  of  error  previously  given: 


C =■ 


<2  F 


^ v ~ c £,c 


(4.1) 


where  the  upper  limit  of  only  the  major  diagonal  terms  of  the  matrix 

are  known.  The  upper  limits  of  the  £y  major  diagonal  terms  (the  user 
specified  estimables)  are  also  known.  The  off  diagonal  terms  of  the 

matrix  may  have  any  physically  possible  values.  These  off  diagonal 
term  values  will  be  discussed  further  in  section  4.1.2.  If  the  off 
diagonal  terms  of  the  matrix  are  considered  unknowns,  Xc.  , eq  4.1 

represents  a set  of  equations  relating  the  unknowns,  Xc  ' to  the  limits 
set  for  the  upper  bounds  of  the  estimable  variances  in  J?  y and  for  the 
off  diagonal  magnitudes  of  the  £ y matrix  set  by  eq  4.2.  This  is 
easiest  to  visualize  by  considering  the  formation  of  the  C"  <^"v  C- 
product  in  parts.  Firstly,  consider  the  product  as  diagrammed 


in  Figure  4.1. 
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Figure  4.1 


The  equation  for  the  kth  element  of  the  ith  row  of  the 
product  is: 


C<Z  Cck)-  £ C c,  A)  JZK  ( lr\,  k) 

Mi 


4K*)  = 4 {hJ  W 


cu^^m 

M/  J|  = i*l  (4.1.1) 

which  takes  advantage  of  the  symmetry  of  the  matrix.  The  second 

product  is  then  C > diagrammed  in  Figure  4.2. 
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'C'ftO  • • 

C(W ) ■ • 

■ cM 

C(S')  • 

C(Sj  ) 

C(W,0  • 

• c'(u,j ) • • 

W 

CilO) - • • 

• • cTxM 

■c$Aw\ 

* 

Figure  4.2 

The  equation  for  the  jth  element  of  this  product,  which  is  equal  to 
the  ( L;j  ) element  of  the  matrix  is  then: 

fy  U,|  ) = £ Cixti,k)c'(i,j) 

J k'-l 

but  cUj ) = a(j,k) 

4 ^Cc>JcCj,4) 

and  substituting  for  C 

£ At . ) r £ \£  c(c,m^  *■  £ cCL,'k)£fc/^c(jA) 
4t*t  ( I,. I h*&*> 

(4.1.2) 
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The  above  equation  will  be  simplified  in  application  to  the  estimables 
discussed  in  sections  2. 3. 2.1  through  2. 3.2. 3 and  will  represent  the 
relationship  between  the  unknown  off  diagonal  coefficients  of  the 
matrix,  , and  the  user  specified  major  diagonal  terms  as  well  as 

the  physically  possible  off  diagonal  of  the  matrix. 

4.1.2  Required  and  desirable  characteristics  of  any  V/C  matrix. 

These  characteristics  refer  to  the  magnitude  of  the  off  diagonal 
terms  of  any  physically  attainable  V/C  matrix.  Simply,  the  correlation 
cofficient  at  any  location  in  the  V/C  matrix  cannot  be  greater  than 
unity  in  magnitude,  implying 

!%))(  - (Mfj) 

or  (4.2) 

l s\,l  ^ (Cuda  r 


where  is  the  ( tjj  ) element  of  V/C  matrix.  ^ lL  and 

(o  refer  to  the  ( L)  t ) and  ( j j ) elements  of  that  same 

matrix  and  is  either  or  £ y . All  V/C  matrices  are  symmetric, 

thus  any  equation  true  for  is  true  for  6j' t . For  the  V/C  matrix 

for  the  parameters,  if  the  usual  meaning  is  taken  for  high  correlations 
(that  is,  that  they  imply  a poorly  parametrized  model) , the  off  diagonal 
terms  should  be  as  small  (close  to  zero)  as  practicable,  while  all  other 
requirements  are  fulfilled. 
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4.2  Quantifying  the  requirements. 


An  inspection  of  eq.  2.11  and  2.12  indicate  that  they  can  be  used 
to  relate  the  estimable  azimuth  or  distance  to  the  position  parameters 
and  so  they  are  not  only  "observation  equations"  but  also  the  components 
of  the  C matrix,  that  is  propagation  equations,  as  well.  The 
linearized  propagation  for  an  estimable  angle  can  also  be  formed  from 
eq.  2.10,  the  direction  "observation  equation".  That  is,  for  any 
angle  c<  -g 

°<ui„  - 

cT = cT d^j2  - £ bu 


U/YA. 


~ C 5^  ft'-**  + 


5a 


+ tk  An  - H*  JyOytAmi.^/1 

SlJL  ' 5t  frA 


(4.3) 
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SCSI  * 


If  all  terms  which  are  not  on  the  major  diagonal  of  the  matrix 

u ** 

are  considered  a set  of  unknowns,  Xr  < then  equations  4.1.2  represent 
a set  of  (&ni)  /?  equations  in  O.  ( W.  -0  /*  unknowns  which  relate 
the  estimable  variances  and  covariances  to  those  of  the  parameters. 

It  should  be  remembered  that  this  is  in  fact  not  a set  of  equations  but 
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a set  of  inequalities,  since  the  user  requirements  will  be  satisfied 
by  a ClxcYt,<J  which  is  smaller  than  b)  and  a C £xC'(lj  J )y  t\j 

which  is  physically  possible.  There  is  no  unique  solution,  A^  , to  the 


inequality.  One  of  the  infinite  number  of  solutions  can  be  used  as  a 
basis  for  the  definition  of  the  matrix.  This  solution  should  accomplish, 
in  addition  to  satisfaction  of  eq  4.1  as  well  as  possible  (minimizing 
the  corrections  to  the  right-hand  side  (upper  variance)  bounds) , the 
desire  to  have  the  unknowns,  Xc  > as  close  to  zero  as  possible.  This 
second  task  can  be  accomplished  by  employing  a minimum  norm 
(minimum  \ X ) solution  to  a set  of  consistent  equations  formed 
from  eq  4.1.  This,  a usual  "least  squares"  fit  of  the  target  variance 
and  off  diagonal  magnitude  terms  employing  the  pseudo-inverse, meets 
the  requirements  in  4.1. 

It  should  be  reiterated  at  this  point  that  although  this  research 
concentrates  upon  certain  estimables,  equation  4.1.2  is  correct  for  any 
estimable  quantity  defined  by  the  user.  In  the  next  section,  4.1.2  will 
be  simplified  for  specific  estimables. 

4.2.1  The  estimable/parameter  relationship  for  specific  estimables. 


Equation  4.1.2  stated  as  an  inequality  as  described  in  the  previous 
section,  is  given  as: 


For  the  specific  estimables  azimuth,  distance  and  angle,  one 
immediate  simplification  is  that  none  of  these  are  functions  of  the 
station  unknown,  z,  so  from  this  point  the  5.  * matrix  which  will  be 
determined  will  contain  only  the  variances/covariances  for  the  latitudes 
and  longitudes  for  each  of  the  stations.  A slight  change  of  notation 
from  matrix  element  form  makes  the  physical  significance  of  4.1.2  more 
obvious.  This  notation  change  recognizes  that  any  station  i , has  a 
latitude  parameter,  , and  a longitude  parameter,  Ac 

If  it  is  assumed  that  the  maximum  number  of  stations  involved  in 
any  estimable  is  three  (in  the  case  of  an  estimable  angle)  an  equation 


of  the  form 


f f § ,Aj , 4 J 


can  be  directly  derived  from  the  matrix  notation.  Consider  any  two 
estimables  and  £3 


Jk  = C tj  A.  Xc. 
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since  all  other  coefficients  than  those  of  the  6 , j t and 

£ ' • h stations  are  zero. 

In  general,  the  ) of  equation  4.1.2  can  be  written 

as  the  term: 


Cfc  ^<5, 

" cft  4 

* C <)j  i ^ 

"C  Aj  C ^ 
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The  correspondence  between  equation  4.4  and  4.1.2  can  be  seen  if 
it  is  recalled  that  each  station,  L , represents  two  parameters 

and  in  equation  4.4  and  two  parameters  ( L-  I for 

<fL  and  ( L-l  + for  X in  equation  4.1.2.  The  U_  parameters 

in  equation  4.1.2  represent  the  'Vx.  stations  in  4.4. 

If  0(=  • that  is,  if  the  equation  represents  a target  estimable 

variance,  this  reduces  to 

2**  = t CcJfM  t(cnF% 

+ 4j>j  + iwk  * f 
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(4.5) 


In  the  case  of  estimable  distances  combined  with  estimable  azimuths, 
both  of  which  are  functions  of  only  two  stations,  eq  4.1  further 
simplifies  to: 


C ^ C« 

Cac  £ ^ ^ 
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c c*  ^Lh$l  j 

Qf  f/jA  ( 

Coj  tudi 
+Cf4  Caj  /\j 

+ C A^  C-  4?y  2.^  <Pj  j 

f ^ >e  ^ -'j  Ay 

88 


V 


C<1  -2  <>*.*; 

<C«i  c* 

C<.j 

+ CVa  C'/j  £<£  (4.6) 

CA*  C*  £ ^ 

f CM  *~K  t >£  \L 
+ C"  C*j  tU  (P; 

4 CAj  £ A* 

For  an  estimable  target  variance  in  this  case,  the  above  becomes: 

4<*  = fc<fV  ) 5ft  ^ ^C>c 

+ (&S  )VijAj 

f 2C0cC>c  ^<V>t  **  2C(pL  C] ■ +2CxC*j£kq  <4‘ /} 

+ ^ ^Aj  ^ >tl  A j ^ C~ 'Pc  ^ Aj  4C  + ^ Aj 

to  restate  the  inequality  for  equations  4.4,  4.5,  4.6  and  4.7: 

For  4.4  and  4.6: 


For  4 . 5 and  4.7: 


4**  - 

I 

the  target  for  the  ith  estimable,  c>/ 

4.3  Formation  of  the  equations  defining  the  unknown  coefficients. 

Equations  4.4  through  4.7  can  be  represented  as  the  design  matrix 
for  the  unknown  off  diagonal  coefficients,  • Since  they  are  already 

"linear"  once  the  Q matrix  coefficients  have  been  evaluated  at  the 
approximate  values  for  the  coordinates  of  the  station,  this  W\  ( tvi^O/a 
by  U.  ( U.'0/i  matrix  representing  them  will  be  a mix  of  the  linearized 
forms  of  these  equations  representing  estimables  of  different  types. 

If  angles  are  one  of  the  estimables,  equation  4.4  must  be  used  to  evaluate 
the  off  diagonal  terms  of  the  matrix.  In  the  case  of  an  off 

diagonal  term  representing  the  covariance  between  an  angle  and  either  a 
distance  or  azimuth,  the  coefficients  of  the  station  Vg  will  be  zero. 
The  coefficients  of  the  stations  Q and  will  be  those  from  the 

"observation  equation"  describing  the  estimable  which  involves  stations 
Jt  and  fVt  . A set  of  U C equations  which  are  consistent  can 

then  be  formed  as: 

AcPt4c5Wc  , 

Xe  = 

where  is  a weight  ascribed  to  each  of  the  nn  ( t ) / 2.  variance/ 

covariance  s. 
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4.4  The  unknown  off  diagonal  terms. 

Equation  (4.4)  and  (4.6)  relate  target  positional  parameter 

variances  and  °ff  diagonal  coefficients,  X*  in 

u << 

the  matrix  to  variances  and  off  diagonal  terms  in  the  ^ ^ matrix. 

tm  m 

While  an  Xc  Xc.  minimum  solution  could  be  performed  which  would 
produce  corrections  to  both  the  station  target  variances  and  off 
diagonal  terms,  control  of  the  magnitude  of  the  target  station 
variances  would  be  at  best  very  difficult.  These  major  diagonal  terms, 
more  than  any  others  in  the  £ matrix,  must  be  close  to  the  physically 
attainable  situation.  This  would  be  possible  by  considering  the  target 
positional  parameter  variances  as  weighted  heavily  at  their  a priori 
values,  but  the  difference  between  heavy  weighting  and  absolute  constraint 
is  minor.  Therefore,  these  target  variances  will  be  constrained  at 
their  a priori  values  and  removed  from  the  "unknown"  category.  Since 
the  matrix  is  a V/C  matrix,  the  remaining  off  diagonal  terms 

Ca  w. 

are  symmetric,  and  this  symmetry  condition  is  also  to  be  enforced 
absolutely.  There  are  u (U'0/4  remaining  coefficients  which  are 
treated  as  unknowns.  If  the  approximate  values,  Xc  © , for  these 

unknowns  are  taken  as  zero,  the  correction  vector  from  a minimum-correc- 
tion-to-target-variance  solution  which  minimizes  the  sum  of  the  squares 
of  the  corrections  to  the  X c_  is  the  vector  of  the  parameter  (unknown 
off  diagonal  term)  values.  The  numbering  scheme  chosen  for  these 
Xc  parameters  is  indicated  in  the  diagram  below: 
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where  the  number  in  parenthesis  ( C ) corresponds  to  the  unknown 
X^_  ( L ) . The  total  number  of  unknowns,  j_  , in  the  case  of 

H stations  is: 

L = h Ulg-i}  = ^Cu-0/2 

(Note  that  there  are  two  parameters  to  be  considered  for  each  station 
in  this  evaluation) . 

As  can  be  seen  from  this  equation,  the  number  of  unknowns  is  very 
large  for  even  small  networks.  This  number  can  be  decreased  if  the 
estimables  are  examined  in  detail.  Within  the  net,  if  no  estimable 
shares  the  t and  j stations,  the  minimum  contribution 

for  the  correlation  between  these  stations  is  at  the  zero  value  for  the 
coefficients  which  relate  stations  C and  j . These  terms  will 
also  be  removed  from  the  parameter  vector  and  constrained  at  an  a priori 
value  of  zero.  This  is  called  "decoupling"  in  subsequent  discussions. 
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4.5  Evaluation  of  misclosures,  . 

The  misclosure,  which  corresponds  to  the  vector  in  the 


equations: 


4 V <•  =o 


^-c  = Pc 


is  evaluated  in  an  unusual  manner  because  the  mathematical  model  for 
this  linearized  equation  is  an  inequality.  The  case  where  this  cor- 
responds to  an  estimable  angle  which  is  a function  of  stations  C , 
j , and  Jj*.  is  treated  as  the  general  case.  The  evaluacion  of 
an  estimable  distance  or  azimuth  is  performed  in  exactly  the  same  manner 
except  that  the  contribution  to  W1^  from  the  third  station,  , 


is  zero. 


For  a major  diagonal  element,  the  a priori  values  for  the  unknowns, 
, are  zero,  the  major  diagonal  terms,  modelled  in  equation  set 
(4.5),  reduce  to: 

^*lco=  Ml* 

Since  the  and  elements  are  treated  as  known,  the 

inequality  becomes: 


q defined  ) variance  value, 


where  o(  is  the  b 


estimable. 
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If  this  is  correct  upon  evaluation,  the  misclosure  contribution 

Vc.  of  the  vector  "LCc  is  zero  (that  is,  the  approximate  values 

fulfill  the  required  conditions).  If  not,  Wc  - £yi^,C  ) - ^«/ 

Ae.° 

Similarly,  for  an  off  diagonal  term  in  the  £_y  matrix, 

|il<pl  |v  ^ C 2yt,c) 

where  the  j 1 th  estimable  is 

Only  if  the  estimable  quantities  involved  in  rows  and  |3  share 

a station  in  common  will  the  | ^<*(2,  ] • 

In  these  non-zero  cases  if 

r *c°  . 1/ 

the  element  will  be  zero.  If  not,  ■=  f’C6, <- ) ) t-£cy^)Xo 

4.6  The  assignment  of  weights, 

From  examination  of  the  magnitudes  of  the  coefficients  in  each 
equation  from  sets  (4.4)  through  (4.7)  it  is  obvious  that  many  more 
equations  express  the  condition  of  eq  (4.2)  than  do  the  target  estimable 
variances.  A weight  upon  the  former  is  required  if  the  magnitude  of  the 
correction  to  the  estimable  target  variance  is  to  be  controlled  and  held 
small.  In  addition,  the  V\/c  contribution  to  U_c  from  the  estimable 
distance  misclosure  (in  meters  squared)  is  considerably  smaller  in 
magnitude  than  the  contribution  of  an  estimable  angle  or  azimuth.  In 
order  to  keep  the  corrections  to  these  two  quantities  small,  a weight 
differential  may  be  required  in  the  form  cf  a matrix,  * tv\  ( n*  is 

the  number  of  user  specified  estimables) . 


L 


To  enforce  the  magnitude  condition 


weights  on  the  associated  a priori  estimates  of  the  unknowns  can  also  be 
used, 

4.7  Computation  of  the  off  diagonal  terms  of  the  £ y matrix. 

The  solution  of  the  set  of  equations  generated  by  considering  user 
requirements,  as  previously  mentioned,  minimizes  the  squared  (weighted) 
sum  of  the  corrections  to  the  off  diagonal  terms  and  target  variance  of 
estimables  conditions  and  then,  sequentially  minimizes  the  (weighted) 
sum  of  the  squares  of  the  coefficients  of  the  "2^  matrix,  X^  . 

Thus: 

[CA'cPcAt)  ♦ Pcxj 

Wcx  5 A'z  p *■  f’cK 

implies 

a , i 

The  f^c  x matrix  is  singular  (positive  semidefinite)  and  is  not 
the  type  of  matrix  characterized  by  Pope  as  property  A (Pope  (1971)). 

The  degree  of  singularity  is  also  not  clear  (geometrically) . The  most 
simple  means  of  generating  is  by  applying  theorem  1.88,  Graybill 

(1969) . That  is,  there  exist  matrices  f?  and  such  that 

J?\„? 
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V 


where  b is  a diagonal  matrix  whose  diagonal  elements  are  either 
positive  or  zero  (also,  theorem  12.2.1  since  all  major  diagonal  elements 
are  greater  than  zero  and  is  singular) . 

j)  is  an  orthogonal  matrix,  thus 

£E'=  I j w„--  PDB' 

Note  that  I)  is  assumed  to  be  arranged  in  decreasing  size  of  the  major 
diagonal  elements  from  the  upper  left  corner.  If  the  rank  of  the 
^cX  matrix  is  /-r  ^ L , (see  section  4.4),  then 


(theorem  6.2.15,  Gray  bill  (1969)) 
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Applying  theorem  6.2.10  (Graybill  (1969)),  if  P & E - ^cx 
then  . 

(P  0 £ ' ) =PD’P' 

The  most  obvious  choices  for  £ and  D are  the  Eigenvectors  and 
Eigen  values  of  ^cx  . Most  schemes  for  the  computation  of  the  eigen- 
values and  eigenvectors  are  subject  to  numerical  roundoff  and  loss  of 
significance,  so  the  choice  of  when  the  major  diagonal  elements  of  the 
D matrix  actually  become  zero  is  not  a clear cut  one.  The  best 
system  for  making  this  decision,  after  the  guidelines  for  the  particular 
method  and  number  of  digits  carried  are  examined,  is  to  test  the 

I f 

characteristics  of  the  /vfy  matrix.  As  indicated  in  chapter  2,  a 

t 

minimum  V,  Xc  solution  for  the  normal  equations  must  satisfy  two  of 
the  four  characteristics  of  the  pseudo-inverse  solution.  The  two  used 
in  the  referenced  proof  are 

W*=  Nf 

CM  NV=  WN  + 

The  matrix  formed  from  B , D may  be  tested  to  assure  that  it  complies 
with  either  those  two  (many  members  of  the  generalized  inverse  family) 
or  all  four  of  those  characteristics  (the  unique  pseudo-inverse)  to  some 
specified  number  of  digits  (this  number  of  digits  is,  of  course,  up  to 
the  designer  but,  at  a minimum,  four  digits  for  ordinary  single  precision 
computation  is  suggested) . The  matrix  formed  from  the  a priori 
variances  for  the  station  latitudes  and  longitudes  and  the  coefficients 


found  in  this  solution  will  be  referred  to  from  this  point  onward  as 
the  "criterian  V/C  matrix  for  the  parameters", 


I 


4.8  Examples  for  specific  user  requirements  of  the  criterian  V/C 


r 

l 


f 

9 


i 


matrix  of  parameters. 

To  illustrate  the  techniques  for  the  formation  of  the  criterian 
matrix,  3 examples  are  presented  for  test  nets  T3  and  T4. 

The  configuration,  station  coordinates  (approximate)  and  possible  obser- 
vations are  given  in  Chapter  1.  The  nets  were  chosen  because  they 
represent  configurations  similar  to  those  encountered  in  practice. 

It  should  be  noted  here  that  the  variances  for  the  positional 
parameters  (f  and  for  each  station  are  given  in  two  forms. 

These  forms  are: 

1.  Variances  in  seconds  of  arc  squared  referring  to  latitude 
and  longitude  in  seconds  of  arc. 

2.  Units  of  length  referred  to  the  surface  of  the  reference 
ellipsoid  at  some  mean  latitude  for  the  net.  This  particular 
unit  is  chosen  because  the  author  feels  that  it  will  be  more 
familiar  to  the  user  of  the  control  network. 

Therefore,  the  problem  is  formulated  in  terms  of  the  type  of  units 
outlined  in  2,  but  the  computations  are  made  in  terms  of  the  units  of  1. 

4.8.1  Example  1:  T3  network  with  all  distances  and  azimuths  as 

target  estimables. 

User  requirements  are  that  the  station  accuracies  be  no  poorer  than 
15cm  (standard  deviation)  in  either  latitude  or  longitude,  based  upon  a 
minimum  constraint  solution  fixing  one  of  the  stations,  for  points  in  T3. 
Estimables  are  the  azimuth  and  distance.  Requirements  for  these  are: 
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along  any  observable  line  (corresponding  to  a standard  deviation  of 
one  part  in  S0tooO  along  any  observable  line). 

Using  the  rule  of  thumb  from  section  2. 3. 2.4  for  the  magnitude  of 
the  pseudo- inverse  station  variances,  the  station  variances  in  this 
criterian  matrix  are  set  to  approximately  ( )*  at  this  latitude 

(mean  latitude  of  T3) . Thus: 

2*ic«c  * *'o"r 

\ K **  o"  2 8 A/o"^ 

An  evaluation  of  the  computed  variance  misclosure  of  the  estimables, 

, is  presented  in  Table  4.1.  The  maximum  variance  computed  from 
I i 1,1 

this  diagonal  ? v I is  I ^ of  arc  on  the  azimuth  from  station 

*hc° 

5 to  6.  Table  4.2  indicates  the  location  of  parameters  from  the  vector 
of  unknown  coefficients,  Xc  , in  the  ^ matrix.  A zero  indicates  a 
decoupled  coefficient  constrained  to  zero.  A list  of  those  decoupled 
stations  is  given  below: 


Station  # Decoupled  Form  Station  # 

1 5, 6, 7, 8, 9 

2 5,6, 7,8,9 

3 8,9 

4 8,9 

5 8,9 


(Note  that  the  decoupling  is  symmetrical ly  reflected  in  the  4 matrix) 

A 
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In  the  formation  of  the  A/^x  and  t£c  matrices,  all  the  distances 
met  the  user  requirement  with  the  j^0  (approximate)  matrix,  so 

that  while  they  contributed  to  the  matrix  they  did  not  contribute 

to  the  misclosure  or  the  LC c vector.  This  was  also  true  of  three  of 
the  azimuths. 

Two  solutions  were  performed,  called  the  A and  B solutions.  The  A 
solution  is  based  on  a fit  of  only  the  estimable  variances,  while  the  B 
solution  contains  the  contributions  from  the  criterian  forced  on  the 
off  diagonal  terms  of  the  matrix.  Table  4.3  indicates  the  effect 

on  the  largest  magnitude  elements  of  the  Xc  matrix.  While  these 
elements  stayed  relatively  of  the  same  order  of  magnitude,  the 
I j ) I ^ iyO.j)  ) condition  added  further  large  terms  to 

the  vector  of  unknowns.  Large  here  is  used  to  refer  to  correlation 
coefficients  computed  for  the  matrix  which  have  magnitudes  close 

to  unity.  Table  4.4  indicates  the  predicted  variances  for  the  estimables 
based  on  the  £j(CRiT)  matrix. 

These  values  conform  to  the  user  specifications,  as  do  the 

set  values  of  the  station  parameter  variances.  represents  an 

initial  estimate  of  what  the  final  V/C  matrix  of  parameters  should  look 
like  after  design  completion.  Up  to  this  point,  no  mention  has  been 
made  of  what  types  of  observations  will  be  used  to  establish  the  network, 
or  of  their  quality  (accuracy) . This  particular  matrix  may  not  be 
physically  attainable  with  the  assets  allocated  for  the  project.  However, 
any  ^ matrix  obtained  from  observations  within  the  allocation  and  which 
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approximates  ^((R.it)  will  also  satisfy  user  requirements.  The 
formation  of  such  a matrix  will  be  discussed  in  Chapters  5 and  6. 

4.8.2  Example  2:  T4  Network  with  angles  and  distances  as  target 

estimables. 

The  user  requirements  for  the  points  in  T4  and  a 10cm  standard 
deviation  in  station  coordinates  (inner  origin).  The  estimables  are 
angles  and  distances,  see  Table  4.5.  The  user  requirements  are  based 
on  all  observable  angles  at  each  station  formed  from  any  direction  to 
another  station  and  a given  initial  direction.  The  initial  directions 
are  indicated  in  the  section  describing  T4.  The  distance  requirements 
are  based  upon  all  observable  distances.  The  T4  stations  are  to  be 
used  as  a foundation  for  lower  accuracy  positioning  in  a relative 
(inner)  origin  and  azimuth  system.  The  user  accuracy  requirements  are 
based  on  the  fact  that  the  estimables  are  to  be  used  in  checking  to 
assure  that  proper  net  station  recovery  was  made  and  that  the  T4  network 
is  stable. 

The  user,  in  considering  the  economics  of  this  subsequent  survey, 
has  decided  that  if  a surveyor  measures  an  estimable  quantity  in  net 
T4  which  differs  by  more  than  three  times  the  standard  deviation  of  a 
measurement  (set  of  measurements) , this  will  be  considered  a blunder 
and  the  measurement  repeated. 

If  an  angle  set  is  to  be  discarded,  there  should  be  only  a 5% 
probability  that  it  would  be  acceptable  if  errors  in  the  T4  network 
station  positions  were  also  considered.  If  a distance  is  rejected,  this 
percentage  will  be  10%. 
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The  instrument  to  be  used  to  measure  angles  and  directions  in  the 
subsequent  survey  will  be  one  which  measures  directions  to  a standard 
deviation  of  IV 6 and  8 positions  will  make  up  a set  of  directions.  The 
distances  will  be  measured  with  an  instrument  and  procedure  giving  a 
standard  deviation  of  0-0 ll  * 5 / IO**. 

For  an  angle  at  station  L between  j (the  initial)  and  A. 

jJt.  ~ 

* (d0V.  = 

- W'Cgr 

--  o'aM 


G'p*  - I ^ (>  d. 

- Q "lS°l  from  Table  3.1  at  5% 


The  distances  have  variances  which  are  functions  of  the  distance 


itself. 


from  Table  3.1  at  10% 


In  this  small  network,  no  stations  will  be  decoupled.  The 
parameter  location  is  given  in  Table  4.6.  The  misclosures  for  the 


$ I (approximate),  W are  listed  in  Table  4.7.  Table  4.8 

* * v*  • *■* 

indicates  the  A and  B solutions,  and  Table  4.9/10  estimable  variances 
based  upon  the  £ ( (r«t)  matrix. 
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4.8.3  Example  3:  T4  network  with  selected  angles  and  distances  as 

target  estimables. 

In  the  previous  examples,  large  numbers  of  estimables  are  specified. 
The  example  is  designed  to  show  the  application  to  smaller  number  of 
specific  requirements  of  the  matrix  definition  method. 

The  user  requirements  in  this  example  are  for  specific  angles  and 
one  specific  distance.  The  variances  for  the  station  in  latitude  and 
longitude  are  nominal.  The  same  5%  requirement  is  placed  on  the  angle 
variances  as  was  discussed  in  Example  2.  The  following  are  a listing  of 
the  angles  upon  which  a limitation  is  to  be  placed: 


At  Station  Between  Stations 


1 

2 

3 

4 

5 

6 


2-5 

1- 3 

2- 4 
2-3 
1-2 
1-2 


The  variance  for  the  predicted  distance  from  station  1 to  5 is 

« t* 

Q.  C?  O I (corresponding  to  a standard  deviation  of  O.Otl  or 

one  part  per  million  of  the  distance  in  meters) . The  nominal  station 
location  variances  are: 

2*  <fc<pi  o!  Kto 

U K Ac  "L  O"'\0&  k/0"5* 

which  correspond  to  roughly  a 2.5cm  standard  deviation  for  both  latitude 
and  longitude  at  the  mean  latitude  of  the  T4  network  in  an  inner  origin- 
azimuth  coordinate  system. 
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J 

I 

. 

I 

i 
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Again,  no  station  was  decoupled,  so  that  the  location  of  the  Xc 
unknowns  in  the  matrix  is  given  by  Table  4.6.  Table  4.11  shows 

the  misclosures  for  this  requirement  and  Table  4.12  gives  both  the 
A and  B solutions.  Note  that  the  effect  on  the  solution  of  the  addition 
of  equations  representing  the  off  diagonal  terms  to  the  2y  matrix  is 
approximately  the  same  as  in  the  example  one  solution.  The  estimable 
variances  for  both  the  A and  B solution  are  given  in  Table  4.13. 

4 . 9 Summary 

The  (cfliT ) matrix  formed  in  the  manner  described  in  this 
chapter  has  the  following  characteristics: 

1.  Meets  or  is  better  than  user  requirements  on  estimables  and 
target  station  variances. 

2.  Minimizes  the  size  of  the  off  diagonal  terms  in  the 
matrix,  by  enforcing  the  Xc  )(c  minimum  condition. 

3.  Both  the  and  matrices  are  structurally  possible. 

The  $ (£CiT)  matrix  is  formed  with  only  user  requirements  and  the 
observations  required  to  establish  the  network  were  not  considered. 

From  this  point,  any  developed  as  indicated  in  Chapter  4 will 

be  designated  . 


THE  MISCLOSURE 

ItiSFR  REQUIRED  VARIANCE  - VARIANCE  COMPUTED  ERUM  APPROXIMATE 

V/C  MATRIX  FOR  PARAMETERS) 

TYPE  KEY-  A INDICATES  AN  AZIMUTH 

(UNITS  FOR  VARIANCE  ARE  ARC  SECONDS  SQUARED) 

G INDICATES  AN  ANGLE 

(UNITS  FOR  VARIANCE  ARE  ARC  SECONDS  SQUARED) 

S  INDICATES  A DISTANCE 

(UNITS  FOR  VARIANCE  ARE  METERS  SQUARED) 


STATIONS 

estimable 

W 

STATIONS 

ESTIMABLE 

w 

INVOLVED 

TYPE 

C 

INVOLVED 

TYPE 

c 

2 1 

A 

-6.43E-02 

2 

I 

S 

O.OOE+OO 

3 1 

A 

-5. 16E-02 

3 

1 

S 

O.OOE+OO 

4 1 

A 

-4.04E-02 

4 

1 

S 

O.OOE+OO 

3 2 

A 

-2.63E-01 

3 

2 

S 

O.OOE+OO 

4 2 

A 

O.OOE+OO 

4 

2 

s 

O.OOE+OO 

4 3 

5 3 

6 3 

5 4 

6 4 

7 4 

6 5 

7 5 

7 b 

8 6 

9 6 

8 7 

9 7 

9 8 


A 

-b. 17E-03 

4 

3 

s 

O.OOE+OO 

A 

-1.09E-01 

b 

3 

s 

O.OOE+OO 

A 

-8. 38E-02 

6 

3 

s 

O.OOE+OO 

A 

-4.46E-01 

b 

4 

s 

O.OOE+OO 

A 

0. OOE+OO 

6 

4 

s 

O.OOE+OO 

A 

-4.58E-02 

7 

4 

s 

O.OOE+OO 

A 

-1.59E+00 

6 

b ■ 

s 

O.OOE+OO 

A 

-b. 19E-01 

7 

b 

s 

O.OOE+OO 

A 

-b.00E-02 

7 

6 

s 

O.OOE+OO 

A 

0. OOE+OO 

8 

6 

s 

0. OOE+OO 

A 

-2.82E-0I 

9 

6 

s 

O.OOE+OO 

A 

-3. I0E-01 

8 

7 

s 

O.OOE+OO 

A 

0. OOE+OO 

9 

7 

s 

O.OOE+OO 

A 

-1.21E-01 

9 

8 

s 

0. OOF +00 

LOCATION  OF  COEFFICIENTS  IN  THE  V/C  MATRIX  OF  PARAMETERS 

WHICH  ARE  UNKNOWNS 

EXPLANATION  OF  TABLE  - SYMBOLS  AT  THE  START  OF  EACH  ROW 

INDICATE  THE  UNKNOWN  PARAMETER  TO  WHICH 
THAT  ROW  AND  COLUMN  REFER 


A ZERO  INDICATES  THAT  THIS  COEFFICIENT 
IS  CONSTRAINED  AT  A VALUE  OF  ZERU  AND 
IS  NOT  AN  UNKNOWN  (DECOUPLED) 


6700000  0 00  0 

121 3 0 0 0 0 0 0 0 0 0 

171800000000  0 

21  22  0 0 0 0 0 0 0 0 0 

24  26  26  27  28  29  30  31  0 0 0 

33  34  35  36  37  38  39  0 0 0 

42  43  44  45  4b  0 0 0 0 

48  49  60  51  62  0 0 0 

54  55  56  67  0 0 0 

*5)  69  60  61  0 0 0 


0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

68 

74 

79 


63  64  65  66  67 

69  70  71  72  73 

| 66  76  77  78 

(AT)  HI)  8 1 8 2 8 3 

Hb  rffe 
bj  88 


§3 


<8> 


Table  4.2 
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SOLUTION 

FOR  THE  OFF-DIAGONAL 

COEFFICIENTS 

IN  THE 

V/C  MATRIX  OF  PARAMETERS  (X  ) 

C 

COEFFICIENT  A SOLUTION 

B SOLUTION 

NUMBER 

value 

VALUE 

1 

-5. 1043315E-08 

-2.01382146-07 

2 

2. 1 309768E-07 

1.6119259E-07 

3 

-7.49172816-09 

1.6285921 E-06 

u 

2. 3425912E-07 

-1.45888356-07 

5 

1.91 58620E -07 

1.883229 3 E-07 

6 

6. 20838 14E-08 

-4. 341^686-07 

7 

-1.324 29 31E-07 

6.  1 206009E-07 

8 

-7. 8523250E-09 

-2. 1 1 19149E-07 

9 

2. 7596103F-10 

-4.54716316-07 

10 

1.9131 244E-07 

3.426  /760E-08 

11 

1.5647493E-07 

-1.25856676-07 

12 

-l. 3239605E-07 

3.62191206-08 

13 

2.8241425E-07 

6.70859/86-08 

14 

2.959R408E-07 

1.51  303456-06 

15 

1 . 504 3008 E— 07 

-1. 1355394E-07 

16 

-3.0117479E-07 

2.57372966-07 

17 

-2. 1032580E-08 

-4.230K278F-07 

18 

1. 21 54] 67E-08 

6.01903086-07 

19 

-3.011 0346E-07 

7.36296166-07 

20 

6.0280780E-07 

5.81019326-07 

21 

1.21 05B90F-08 

5.3006568E— 07 

22 

-7.  0004624E-09 

-2. 69282916-07 

23 

3 . 623255  2E-07 

-5. 22549546-08 

24 

-3.  9226955E-10 

-1.29584866-07 

25 

6. 35442 1 2E-1 1 

6.0695032E-07 

26 

1. 7224124E-07 

4.70162556-07 

27 

-1.8837756E-07 

1.74451356-08 

28 

9.2437240E-09 

3.10180276-07 

29 

-6.4827589E-08 

1.2696950E-07 

30 

0.0 

3.29369536-07 

31 

0.0 

-2.12500716-07 

32 

6.  29 1 6 1 86E— 1 1 

-4.57544796-08 

33 

-1.23R2186E-11 

2.75118176-07 

34 

- 1 . 8821 987  E-07 

-1.64394816-07 

35 

2 . 05 8 479 3 E-07 

2.52189356-07 

Tabl e 4.3 
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SOLUTION  FOR  THE  OFF-DIAGONAL  CUEFFICIFNIS 
( CONT  INUFI) ) 


COEFFICIENT 

A SOLUTION 

8 SOLUTION 

NUMBER 

VALUE 

VALUE 

36 

-6. 482741 8E -08 

-4.767961 3E-08 

37 

4.64667446-07 

-8. 27168958-08 

38 

0.  0 

-1.4243 031E-07 

39 

0.0 

2.1 941 895E-07 

40 

-2. 2862923E-07 

8.5  199 1 27E-07 

41 

5. 3086438E-07 

5.83367136-07 

42 

4. 571 2494E-07 

4.61198236-07 

43 

-1.60960776-07 

4.48330626-07 

4^ 

-9. 2368055E-08 

3. 1 0238536-07 

45 

7.95171 48E- 1 0 

2.50964836-07 

46 

-1. 5065652F-08 

-8.67304956-08 

47 

4. 5668668E-07 

5.01271 70F-07 

48 

3. 9325863E-07 

6.72130006-07 

49 

-9. 2 13 005  IE -08 

3.88584676-07 

50 

-5.6367433E-08 

4.  17180906-07 

51 

-1 . 5065993E-08 

1.64417946-07 

52 

2.  864461  IE-07 

-1.58682846-07 

53 

-1.5367380E-07 

-8.02201046-07 

54 

1.  I302182E-06 

7. 39455236-07 

55 

3.7933688E-07 

4.31614476-07 

56 

7. 3573636E-07 

5.67361106-07 

57 

-4.9480951E-07 

-3.94414836-07 

58 

3. 7848577E-07 

3.91882626-07 

59 

1.2703049E-07 

4.48547106-07 

60 

-4. 94 1 4535E-07 

-4.00123656-07 

61 

3.3233066E-07 

4. 88743986-07 

62 

-2. 3724459E-07 

3. 71139786-07 

63 

1.7186937E-07 

-8.32483816-08 

64 

-3. 7026567E-08 

-5.6 1556026-07 

65 

8. 5926786E-08 

-5. 8615706E-07 

66 

-8. 4634337E-08 

-1 . 19430476-07 

67 

1.70073456-08 

-5.51676186-07 

68 

1. 3653039E-07 

-3.08749416-07 

69 

-3. 6 74 05 02 E -08 

2.93399186-07 

70 

7. 9140747E-09 

-9.42900446-08 

71 

-8.451 1953E-08 

-9.07900816-08 

72 

8. 3229565F-08 

-3.06158206-07 

73 

1.3653153E-07 

-1.63745896-08 

74 

I . 096 1 803E-06 

4. 7 1 116446-07 

75 

2 . 542  32  36E-07 

-2.47016636-07 

Table  4.3  (Co 

nt i nued) 

108 


SOLUTION  FOR  THF  OF F-0 1 AGONAL  COEFFICIENTS 
(CONTINUED) 


COFFFIC I ENT 

A SOLUTION 

B SOLUTION 

NUMBER 

VALUE 

VALUE 

76 

6.  3892969E-08 

-1.4492213E-07 

77 

2.7  27446 1 E-07 

4.8609462E-07 

78 

5.3266763E-08 

-2. 7983646E-07 

79 

2.1  148519E-08 

-5.5540954E-07 

80 

2.7273421E-07 

1.415197 16-07 

81 

1.  1 6429  5 1 E-06 

5.3604282E-07 

82 

2.  1052589E-08 

1.B753198E-08 

83 

8 . 3530409E- 39 

-8. 1957654E-07 

84 

-1.0297663E-07 

5.0685986E-07 

85 

4.01391 33E-07 

2. 76056 3 7E -07 

86 

-8.4750980E-08 

-1 . 4187754E-06 

87 

-8.5374950E-08 

5.9671407E-07 

88 

1. 8026345E-08 

-7.6039464E-07 

89 

-7.3259855F-08 

-1.2318842E-06 
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PREDICTED  VARIANCES  FOR 
USING  CRITERIAN  V/C  MATRIX 


EST IMAHLES 
OF  PARAMETERS 


: 


ESTIMABLE 

NUMBER 

1 

2 

3 

4 

5 

6 
7 
fl 
9 

10 

l 1 
12 

13 

14 

15 

16 

17 

18 

19 

20 

21 

22 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 

33 

34 

35 

36 

37 

38 


B SOLUTION 
ESTIMABLE 
VAR  I ANCE 

4.00E-01 
4.00F-0I 
4, 00E-01 
4.00E-01 
1.63E-01 

4. 00E-01 
4.00E-01 
4. 00E-01 
4.00E-01 
3. 23E-01 

4.00E-01 
4.00E-01 
4.00E-01 
4. 00E-01 
2.52E-01 

4.00E-01 
4.00E-01 
3.28E-01 
4.00b -01 
3. 15E-03 

2.H2E-03 
2.91E-03 
3.33E-03 
3. 15E-03 
3. 16E-03 

3. 17E-03 
3.06E-03 
3.25E-03 
3.44E-03 
3.05E-03 

3.25E-03 
3.05E-03 
3. 1 IE -03 
2.81E-03 
3.08E-03 

2.99E-03 
2 . 98b— 03 
3.02E-03 


Table  4.4 
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DESCRIPTION  OF  THE  ESTIMABLES  IN  THIS  TEST 


KEY  - A INDICATES  AN  AZIMUTH 

(UNITS  FOR  VARIANCE  ARE  ARC  SECONDS  SOIJARED) 

S INDICATES  A DISTANCE 
(UNITS  FOR  VARIANCE  ARE  METERS  SQUARED) 

G INDICATES  AN  ANGLE 

(UNITS  FOR  VARIANCE  ARE  ARC  SECONDS  SQUARED) 


estimable 

TYPE 

TARGET 

AT 

FROM 

TO 

NUMBER 

VARIANCE 

STATION 

STATION 

STATION 

1 

G 

0.89 

1 

2 

6 

2 

G 

0.B9 

1 

2 

6 

3 

G 

0.  89 

2 

1 

3 

4 

G 

0.89 

-> 

C. 

1 

4 

5 

G 

0.  89 

2 

1 

5 

6 

G 

0.89 

2 

1 

6 

7 

G 

0.  89 

3 

2 

4 

8 

G 

0.89 

3 

2 

6 

9 

G 

0.89 

4 

2 

3 

10 

G 

0.89 

4 

2 

6 

11 

G 

0.89 

5 

1 

2 

12 

G 

0.89 

5 

1 

6 

13 

G 

0.  89 

6 

1 

2 

14 

G 

0.89 

6 

1 

3 

15 

G 

0.  89 

6 

1 

4 

16 

G 

0.89 

6 

1 

5 

! 

t 

i 


DESCRIPTION  UE  THE  EST IMABLES  IN  THIS  TEST 
(CONTINUED) 


LOCATION  OF  COEFFICIENTS  IN  THE  V/C  MATKIX  OF  PARAMETERS 

WHICH  ARE  UNKNOWNS 


EXPLANATION  OF  TABLE  - SYMBOLS  AT  THE  START  OF  EACH  RUW 

INDICATE  THE  UNKNOWN  PARAMETER  TO  WHICH 


(SB)  1 2 


3 A 5 6 7 M 9 

13  14  15  16  17  18  19 

23  24  25  26  27  28 

32  33  34  35  36 

41  42  43 

47  48  49 

53  54 


Table  4.6 
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THE  MISCLOSURE 

(USER  REQUIRED  VARIANCE  - VARIANCE  COMPUTED  EROM  APPROXIMATE 

V/C  MATRIX  FOR  PARAMETERS) 


TYPE  KEY- 

A 

INDICATES 

AN  AZIMUTH 

(UNITS  FOR 

VARIANCE  ARF  ARC 

SECONDS  SQUARED) 

G 

INDICATES 

AN  ANGLE 

(UNITS  FOR 

VARIANCE  ARE  ARC 

SECONDS  SQUARED) 

S 

INDICATES 

A oistance 

(UNITS  FOR 

VARIANCE  ARE  METERS 

SQUARED) 

ESTIMABLE 

ESTIMABLE 

W 

STATIONS 

ESTIMABLE 

w 

NUMBER 

TYPE 

C 

INVOLVFD 

TYPE 

c 

1 

G 

O.OOE+OO 

17 

S 

-1 . 15E-02 

2 

G 

0. OOE+OO 

18 

S 

-1.21E-02 

3 

G 

-9.83E+00 

19 

S 

-8.96E-03 

4 

G 

-1. 38E+01 

20 

S 

-1.85E-02 

5 

G 

0. OOE+OO 

21 

S 

- 1 . 86E-02 

6 

G 

-2.27E+00 

22 

S 

-1. 36E-02 

7 

G 

-2. 04E+01 

23 

S 

—1.71 E-02 

8 

G 

-1.92E+01 

24 

s 

-1.89E-02 

9 

G 

-3. 26E+01 

25 

s 

-1.81 E-02 

10 

G 

-2.95E+01 

26 

s 

-1.82E-02 

11 

G 

-8.84E-02 

27 

s 

-1.58E-02 

12 

G 

-1.05E+00 

13 

G 

-1. 37E+00 

14 

G 

-5.91E+00 

15 

G 

-5.35E+00 

16 

G 

-3. 18E-01 

17 

G 

-1. 15E-02 

I 


Table  4.7 
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SOLUTION 

FOR 

THE  OFF-DIAGONAL 

COEFFICIENTS 

IN  THE 

V/C  MATRIX  OF  PARAMETERS  (X  ) 

C 

COEFFICIENT 

A SOLUTION 

B S0LU1 ION 

NUMBER 

VALUE 

VALUE 

1 

—2. 49 8 840 3 E -06 

-3.3467368E-06 

2 

1.2372038E-06 

2.6537600E-06 

3 

-3.0985830E-06 

-6. 10031 75E-06 

4 

-6. 7330438E-07 

-5. 5092096E-07 

5 

-2.4882866E-06 

-1.89522H7E-06 

6 

1. 161 7922E-06 

2. 426022  5 E-06 

7 

4. 1334260E-07 

-8.7230001 E-07 

8 

5.9223239E-06 

5. 3556860E-06 

9 

8.7  048 1 02E— 07 

4.4266553E-06 

10 

—2. 4043 666 E -06 

— 1.41H0550E— 06 

11 

6. 801492 4 F -06 

7.78691 36E-06 

12 

-4.3517357E-06 

-1.3047975E-06 

13 

7.93 1 6524E-06 

8.4831554F-06 

14 

-1.2656983E-07 

2. 1992992E-06 

15 

4. 1690600E-07 

5.237 1 888  E-0  7 

16 

-4. 3458385E-07 

2 . 8040085E-07 

17 

7. 541 3845E-07 

5.03256 1 6E-06 

18 

5. 6771 541 E-06 

1 . 04439 1 0E-06 

19 

2.8490176E-06 

6.4007472E-06 

20 

1. 6100967E-06 

9..5537689E-07 

21 

5. 3106633E-06 

5 . 0250583E-06 

22 

3. 8196304E-06 

1.8 165701 E-06 

23 

1 . 05401 55E-05 

9.9400913E-06 

24 

-3. 1356558E-07 

-3.  1 46660  7E-07 

25 

1 . 33241 79E-05 

9 . 8974  560E-06 

26 

-3. 3507  240E-06 

- 1 . 2 648 34 3 E— 08 

27 

6.6419016E-06 

5.R848009E-06 

28 

2.9712683E-06 

8.9766399E-07 

29 

9 . 8 64 044 8 E— 06 

8.90230R8E-06 

30 

1. 2241 944E-06 

-1.0613003E-06 

31 

5.11 59568E-06 

3.4164941E-06 

32 

1 . 3933  546E— 05 

1.453781 4E-05 

33 

-3.32701 35 E-06 

1 .3904000E-06 

34 

8. 5635756E-06 

1.52 10004E-05 

35 

-4. 0273590E-06 

-4.00073 1 7E-06 

Tabl e 4.8 


SOLUTION  FOR  THE  OFF-DIAGONAL  COEFFICIENTS 
(CONTINUED) 


I 


t 


COEFF IC IENT 

A SOLUTION 

B SOLUTION 

NUMBER 

VALUE 

VALUE 

36 

-3. 41 267 1 5E-06 

-3. 06303266-06 

37 

1 . 5406258E-06 

3.49551926-06 

38 

5.  1 29H994E— 06 

7.64016296-06 

39 

-6.732561RE-07 

2.68235456-07 

40 

3.  1 849  2 1 3E-06 

9.629195 16-06 

41 

-2.5381541 E -06 

3.52258216-07 

42 

0.  0 

3.20805706-06 

43 

0.0 

-2.93966156-06 

44 

9. 44654586-06 

9. 32118846-06 

45 

-1 . 7 784478 E -06 

-3.29971956-06 

46 

H. 3764280E-07 

6.1 237006E-07 

47 

1.53557926-05 

1.6343707E-05 

48 

0.0 

1.46926146-07 

49 

0.0 

-1.17723996-06 

50 

2. 67299776-06 

1 . 2331502E-06 

51 

1.23564246-05 

1.31702706-05 

52 

4. 07121 84E— 06 

5.13411586-07 

5 3 

0.0 

5.63997586-06 

54 

0.0 

-1.84019156-06 

55 

1.22455686-05 

8.95521956-06 

56 

-1.  14821896-06 

-9.56548326-07 

57 

0.0 

-1.00999026-06 

58 

0.  0 

2.49392186-06 

59 

1.38618636-06 

1.04754876-06 

60 

9. 00538456-06 

1.38606126-05 

61 

8.61589806-07 

3.69986816-06 

62 

8.9 1 03  269E-06 

7.72123176-06 

63 

-2.50985796-06 

1.18192476-07 

64 

-4. 70111446-06 

-4.22947056-06 

65 

6.42269156-06 

8.07104526-06 

66 

-2. 50883756-06 

-2.49657026-06 

Table  4.8 


(Continued) 
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PREDICTED  VARIANCES  FOR  ESTIMATES 
USING  CR I TER  I AN  V/C  MATRIX  OF  PARAMETERS 


ESTIMABLE 

NUMBER 

1 

2 

3 

4 

5 

6 
7 
R 
9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

21 

22 

23 

24 

25 

26 
27 


A SOLUTION 
ESTIMABLE 
VARIANCE 

6.67E-01 
1. 14E-01 
8.91 E -0 1 
8.86E-01 
8. 32E-01 

9.35E-01 

8.90E-01 

B.90E-01 

8.89E-01 

8.92E-01 

8. 96E-01 
8.83E-01 
8.45E-01 
8.90E-01 
8. 85E-01 

9.00E-01 
8.75E-03 
7.94E-03 
1. 12E-02 
1.67E-03 

1.43E-03 

6.41E-03 

3.01E-03 

1.28E-03 

1.86E-03 

1.846-03 

4.24E-03 


B SOLUTION 
ESTIMABLE 
VARIANCE 

3.266- 01 
7 .586-02 
6.406-01 
6.566-01 
5.68E-01 

4.67E-01 

7.666-01 

7.296-01 

7.226-01 

7.956-01 

7.336-01 

8.006-01 

3.556-01 

6.26F-01 

6. 266- 01 

8.126-01 

8.886-03 

7.946-03 

1.126-02 

1.966-02 

1.626-3 

6.466-03 

2.87E-03 

1.36E-03 

2.246-03 

1.88E-03 
4. 396-03 


THE  MISCLOSURE 

(USER  REQUIRED  VARIANCE  - VARIANCE  COMPUTED  ERUM  APPROXIMATE 

V/C  MATRIX  FOR  PARAMETERS) 

TYPE  KEY-  A INDICATES  AN  AZIMUTH 

(UNITS  EUR  VARIANCE  ARE  ARC  SECONDS  SQUARED) 

G INDICATES  AN  ANGLE 

(UNITS  EUR  VARIANCE  ARE  ARC  SECONDS  SQUARED) 

S INDICATES  A DISTANCE 

(UNITS  EUR  VARIANCE  ARE  METERS  SQUARED) 


ESTIMABLE  ESTIMABLE 


NUMBER 


TYPE 


STATIONS  ESTIMABLE 
INVOLVED  TYPE 


0. OOE+OO 


O.OOE+OO 


0. OOE+OO 


-4. 31E-01 
-1.  18E  + 00 


O.OOE+OO 


O.OOE+OO 


Table  4.11 





SOLUTION  FOR  THE  OFF-O ! AGONAL  COEFFICIENTS 
IN  THE  V/C  MATRIX  OF  PARAMETERS  (X  ) 

C 


COEFFICIENT 

A SOLUTION 

B SOL  UT I UN 

NUMBER 

VALUE 

VALUt 

1 

8.7138119E-10 

-4.9814091E-09 

2 

5,  721  7555E-09 

-2.5464317E-08 

3 

1.  1394299E-09 

1 . 40659 1 8E-08 

4 

-1. 0592387E-08 

-6.5748338F-08 

5 

5, 4 32 042 4 E— 09 

-5.2937963E-08 

6 

0,  0 

1. 1675752E-07 

7 

0.0 

1 .0819686E-08 

8 

4.61 10671E-09 

-5.7127525E-10 

9 

1.6796129E-09 

1 .0146863E-08 

10 

1.4003971E-09 

-3. 5252736E-09 

11 

-9. 1 179544E-09 

2.2839092F-08 

12 

4.  2360853E-09 

2 . 892 1 6 l 9E-08 

13 

2.9212543E-10 

-4.98859 16E-08 

14 

-1. 6155957E-09 

6. 1287 153E-08 

15 

8 . 2841 7 78E - 1 0 

1 .8280474E-08 

16 

0.  0 

-7. 3818910E-08 

17 

0.0 

1 .2704849E-08 

18 

-3. 3311 949E-09 

-7 .976105  IE  — 09 

19 

-6.9263706E-10 

-2.2353053E-09 

20 

-1. 7405088E-10 

-3.476H266E-09 

21 

1. 1323913E-09 

2 . 26028  33E-08 

22 

4.3517 1 86E-08 

4. 3026773E-09 

23 

9.1 4408 1 OE-  1 0 

-9.8512452E-09 

24 

-4.4134566E-08 

-9.4516679E— 08 

25 

6.6404368E-08 

1 .3626459E-07 

26 

-1. 5607224E-08 

6.6083636E-09 

27 

2. 7786200E-09 

-3.2725M40E-08 

28 

2. 8677  505E-  1 0 

3. 3504275E-08 

29 

-1.7982658E-09 

-3.2436107E-09 

30 

1.  1 708  94 1 E-08 

2. 1 1 12868E-08 

31 

1. 1 320748E-07 

4.299570HE-0H 

32 

4.  86 16428E-08 

5 . 67  30443E-08 

33 

-1.6598824E-07 

-1 .0321617E— 07 

34 

4.  8599752E-08 

-1 .8014305E-08 

35 

5.2947762E-09 

3.94008 10E-0H 

Tabl  e 4.12 
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SOLUTION  FOR  THF  OFF-DIAGONAL  COEFFICIFnTS 
(CONTINUED) 


COEFFICIENT 

A SOLUTION 

B SOLUTION 

NUMBER 

VALUE 

VALUE 

36 

1. 7163018E-09 

-6.6579418E-09 

37 

2 . 7 79  6043E-09 

1 .92055 1 3E-09 

38 

-1.8091217E-08 

-1.24715536-08 

39 

-3. 75945 1BE-08 

-1 .4936165E-07 

40 

2. 5 1 67299E -07 

4. 3515365E-07 

41 

-7. 3997001 E-08 

-3.61 76925E-08 

42 

0.  0 

-5.  1 8 39098  E-08 

43 

0.0 

3. 5642870 E-08 

44 

0.0 

-7. 0065802 E-09 

45 

0.0 

4.56313176-08 

46 

7.  t, 3482156-08 

3.55 1 5620E-07 

47 

-1.8719  19  2E-08 

-8. 1052072E-09 

48 

0.  0 

-4. 8199357E-08 

49 

0.0 

4.580H186E-08 

50 

0.  0 

-9. 7824149E-09 

51 

0.0 

6.371 6868E-08 

52 

8. 9640082E-08 

1 . 2284V89E-08 

53 

0.0 

1.04202126-07 

54 

0.0 

-8. 5367674E-08 

55 

0.0 

1.6 14677 1 E-08 

56 

0.  0 

-1.05022656-07 

57 

0.0 

-3.10089296-10 

58 

0.  0 

-1.07763826-08 

59 

0.0 

6.89294676-09 

60 

0.  0 

-4.48330406-08 

61 

-1.969  7 382 E— 09 

1.55257966-09 

62 

0.0 

-2.38370106-09 

63 

0.0 

1.55 19696E-08 

64 

0.0 

4.46060266-09 

65 

0.0 

-2.89624616-08 

66 

-2. 6060474E-09 

1.62621066-13 

Table  4.12  (Continued) 


PREDICTED  VARIANCES  FOR  F ST  I MAHL  F S 
USING  CRITERIAN  V/C  MATRIX  OF  PARAMETERS 


A SOLUTION 

B SOLUTION 

estimable 

ESTIMABLE 

ESTIMABLE 

NUMBER 

VAR  I ANCE 

VAR  I ANCE 

1 

3.R9E-02 

3.98E-02 

2 

6. 64E-01 

6.83E-01 

3 

8.90E-01 

3.21E-01 

4 

8. 90E-01 

30E-01 

5 

6.06E-02 

6. 00F-02 

6 

1.40F-01 

1.44F-01 

7 

1 . 68E-03 

1 .24E-03 

Table  4.13 
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Chapter  5.  Choice  of  Observations  Needed  to  Establish  the  Network 


5 . 1 Introduction . 

In  Chapter  4,  the  variance-covariance  matrix  for  the  positional 
parameters  was  formed  only  from  user  requirements  and  NOT  from  the 
observations  which  usually  establish  the  parameters.  The  only  state- 
ment that  can  be  made  about  this  V/C  matrix  < * ) ) are  that  it 

does  fulfill  user  requirements  and  that  it  is  structured  in  the  same 
manner  as  other  V/C  matrices.  Whether  this  matrix  could  be  the 

result  of  observations  of  the  type  the  designer  can  have  made  to 
establish  the  network  is  not  immediately  obvious.  By  itself, 
means  nothing.  In  this  chapter,  a use  for  will  be  suggested 

and  some  examples  presented  where  this  suggested  use  has  been  imple- 
mented in  a design  problem. 


5.1.1  Discussion  of  the  design  procedures. 

At  this  point  in  the  design  process,  there  exists  a 
matrix  which  fulfills  the  user  requirements  for  the  network  to  be 
designed.  This  is  independent  of  the  resources  allocated  to 

perform  the  establishing  survey  and  should  be  thought  of  as  a yard  stick 
to  measure  the  effectiveness  of  various  design  configurations.  The  goal 
is  not  to  create  a from  allocated  observations  which  is  "better" 

than  the  , in  the  sense  defined  by  Federov,  (1972)  , since  one 
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which  is  uniformly  better  by  the  Federov  criteria,  one  of  which  is  given 
below,  may  be  prohibitively  expensive.  The  final  product  of  the  design 
should  be  selectively  as  good  as  or  better  than  matrix  with 

respect  to  those  quantities  the  user  is  interested  in  only.  Thus,  those 
quantities  which  the  user  requires  are  the  key  to  the  choice  of  observa- 
tions. They  may  be  station  position  accuracies  and  accuracies  of  quanti- 
ties which  are  functions  of  station  position  (the  estimables) . 

The  most  physically  meaninqful  of  the  Federov  criteria  is  the  test 

I 

referring  to  the  configurations  of  the  criterian  and  design  hyperellipsoids. 


The  design  is  better,  using  this  rule,  if 


q - ^(CG'T)  - £ 


and  Q is  a positive 
semi-definite  matrix. 


Let  us  suppose  that  in  the  above  equations,  represents  the  result 

of  a design  selection  of  observations  which  satisfies  all  user  requirements. 
In  all  the  experiments  performed  as  a part  of  this  study  this  difference 
( Q ) matrix  between  criterian  and  design  V/C  matrices  was  neither 
positive  or  negative  semi-definite,  which  was  interpreted  tc  mean  that 
the  design  was  neither  better  nor  worse  than  the  criterian  V/C  matrix 
and  that  other  tests  must  be  devised  to  differentiate  between  criterian 
and  design  V/C  matrices.  As  indicated  above,  the  user  has  already 
supplied  the  means  to  make  these  tests  when  his  requirements  are  quantified. 
Once  we  have  a £x^^)  which  is  satisfactory,  the  question  should  be 
asked  of  the  user,  who  is  paying  for  the  control  establishment  either 
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directly  or  indirectly,  as  to  whether  the  increased  cost  required  to 
make  the  above  Federov  test  Q positive  semi-definite  is  justified. 

What  additional  benefit  is  gained  by  doing  this  addition  in  these  days 
of  cost  consciousness?  Any  additional  effort  expended  to  that  end  may 
be  very  difficult  to  justify. 

One  question  yet  to  be  answered  is  the  role  of  the  designer  himself 
will  play  in  the  process.  The  implication  of  Bossier,  et  al  (1973),  is 
that  a matrix,  2 , which  is  apparently  not  unique,  can  be  solved  for 

in  such  a manner  that: 

^ s fiiL  A * 2 -frA~)'2:AA~ 

(5.1) 

A = a generalized  inverse  of  A and 
where  is  a positive  semi-definite  diagonal  matrix.  While  this  may 

be  mathematically  correct,  the  feasibility  of  a matrix  such  that 

may  be  beyond  the  allocation  of  the  effort  for  the  project. 
Since  the  designer  is  familiar  with  both  the  feasibility  and  cost  of 
execution  of  any  design,  the  process  of  observation  selection  should  take 
advantage  of  this  familiarity.  If  either  of  two  observations  may  improve 
a design  so  that  it  meets  user  requirements,  there  is  usually  a "better" 
(more  economical)  observation  to  include  when  considerations  of  equipment, 
station  occupation,  project  phasing  with  respect  to  time  and  available 
manpower  and  expertise  are  all  considered.  The  algorithms  to  account 
for  these  considerations  are  complex,  so  translation  into  mathematical 
equations  for  inclusion  in  the  design  process,  is  at  best,  a difficult 
task.  The  designer,  however,  is  already  programmed  to  make  this  type 
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qualified  to  appreciate  which  observation  is  better  to  use.  The  design 
process  developed  in  this  chapter  takes  advantage  of  this  designer 
capability.  The  solution  for  eq  (5.1)  will  be  discussed  in  detail  in 
Chapter  6. 

In  all  the  design  examples,  a minimum  constraint  solution  is  the 
design  objective.  As  was  previously  stated,  the  estimable  variances 
in  this  case  represent  an  inherent  uncertainty  in  an  estimable  which 
results  form  the  inherent  uncertainties  of  the  establishing  observations 
themselves.  In  the  sense  that  any  overcons trained  solution  represents 
a situation  where  the  confidence  in  the  determination  of  station  coordi- 
nates may  be  overstated,  these  minimum  constraint  solutions  are  a worst 
case  analysis  of  the  estimable  variances.  For  this  reason,  the  designer 
should  always  plan  for  this  worst  case  first.  In  this  manner,  even  if 
the  overconstraint  is  incorrect  (that  is,  the  station  coordinates  of  the 
constrained  stations  are  not  known  a priori  as  well  as  the  designer 
first  thinks)  the  user  requirements  will  still  be  met.  The  last 
preliminary  point  to  be  considered  in  observation  selection  is  the  choice 
of  types  of  observation.  By  the  examination  of  the  estimables,  this 
choice  can  be  made  by  either  employing  the  word  or  the  mathematical 
definitions  discussed  in  Chapter  2.  If  there  is  any  doubt  as  to  the 
estimability  of  a user  required  quantity,  it  would  be  prudent  to  implement 
the  testing  procedure  which  is  also  outlined  in  that  same  chapter. 
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5.2  Empirical  investigation  of  the  variance-covariance  matrix  of  all 


possible  observations. 

In  this  discussion,  the  design  matrix,  A , will  refer  to  all 
observations  of  any  given  type  that  the  designer  would  possibly  use 
(or  those  types  which  could  be  used) . These  should  be  selected  on  the 
basis  of: 


1.  the  estimables, 

2.  the  cost  of  each  observation  type, 

3.  reconnaissance  reports  on  the  feasibility  of  different 
observation  types. 

A 

Further,  this  /i  matrix  will  be  scaled  by  r , which  is  defined 


such  that 


pV=i4' 

<h  p'/i  A 

A - P roriginal  design  matrix  r n0 


and,  since  in  all  cases  discussed,  the  observations  are  assumed  to  be 
pi/t 

independent,  this  r matrix  simplifies  to  a diagonal  matrix  whose 
major  diagonal  elements  are  the  reciprocals  of  the  standard  deviations 
of  each  of  the  possible  observations.  Thus 

x + Kiu'tJ  - [ (.P"‘A.)'p"l/U]x  - <p't4.)'p"v 

UHHMHU.UI  14  M M M I n»*h«4u,  * **  H I 


where  A „ is  as  defined  in  section  2.1. 


Mathematically,  this  transforms  the  model  to  the  classic  Gauss- 
Markov  case,  where  the  normal  equations  are  simply  (^A  ' A ). 

Note  that  n in  this  instance  is  the  maximum  number  of  possible 


observation. 

If  the  V/C  matrix  of  the  predicted  values  of  all  possible  observa- 


1 


tions  of  this  type  (that  is,  scaled  observations)  is  formed,  based  on 
£ Y , it  will  be  an  h * n symmetric  positive  semi-definite  matrix. 


Physically,  the  scaling  equalizes  the  weight  of  each  observation 
represented  by  a row  in  the  A matrix,  regardless  of  type. 

If,  for  a given  problem,  is  formed  from  some  of  the  rows  of 

the  matrix  (that  is,  some  of  the  possible  observations)  and  then  ^.tp 
is  computed,  intuitively  it  would  be  expected  that  this  fact  should  be 
discernable  from  the  structure  of  the  matrix.  The  steps  in  the 

procedure  for  testing  this  proposition  was  as  follows: 


1.  Define  from  the  estimables  what  types  of  observations  will 
be  required. 

2.  Form  A A from  all  or  some  of  each  type  required  so  that 
some  redundancy  in  measurement  exists. 

3.  Compute  using  the  pseudo- inverse  after  deciding  geometrical- 

ly what  the  rank  deficiency  is  in  the  free  normals. 

4.  Form  from  all  the  scaled  observations  in  the  A matrix. 

That  is,  treat  all  possible  observations  allocated  to  the 
establishment  by  choice  of  observation  types  as  estimables 
themselves,  predictable  from  the  parameters,  and  form  the  V/C 


i 


-i  ...  . 
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matrix  for  these  observation/estimable  quantities, 

itp*  A A' 

5.  Compute  the  correlation  coefficient  matrix  corresponding  to 

A **  A' 

Tests  were  performed  utilizing  the  above  procedure  on  a variety 
of  networks  with  very  different  configurations.  The  only  points  these 
networks  had  in  common  were  Lnat  none  had  more  than  14  points  included 
and  all  had  distances  of  such  length  that  the  Gaussian  Mid-latitude  and 
design  matrix  coefficient  expressions  given  in  Chapter  2 were  adequate 
approximations.  The  characteristics  which  appear  to  be  common  to  all 
such  correlation  coefficient  matrices  are  listed  below.  In  this  list 
of  characteristics,  observations  which  actually  defined  the  V/C  matrix 
of  parameters  (that  is,  were  included  in  the  design  matrix  which  formed 
and  ) are  called  "used  observations".  Observations  which 

were  possible  to  make  but  were  excluded  from  the  design  matrix  are 
called  "unused  observations".  These  common  characteristics  are: 

1.  Observations  (that  is,  scaled  observations)  not  included  in 

the  formation  of  the  matrix  (unused  observations)  appear 

to  have  generally  higher  positive  correlations  than  do  those 
observations  which  formed  (used  observations) . 

2.  Unused  observations  are  positively  correlated  to  both  other 
unused  and  some  used  observations,  regardless  of  types. 

3.  Some  used  observations  are  highly  positively  correlated  to 
other  used  and  some  unused  observations. 
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4.  In  networks  with  reasonable  degrees  of  freedom  for  the  size 
(df  > S'  to  iO  for  networks  where  the  number  of  stations  is 
between  7 and  15) , the  deletion  of  an  unused  observation  has 
no  effect  on  the  matrix  and  the  deletion  of  a used 

observation  which  has  a high  positive  correlation  with  respect 
to  one  or  more  other  used  observations  has  a smaller  effect 
on  the  matrix  than  the  deletion  of  a used  observation 

with  relatively  low  correlation  ( p C . S ) . 

5.2.1  An  illustration  of  the  effect  of  the  removal  of  correlated  and 

uncorrelated  observations  from  the  formation  of  the  free  normals 
and  pseudo- inverse. 

The  network  chosen  for  this  example  is  T3.  Table  5.2.1  indicates 
which  observations  were  used.  In  this  case  the  estimables  chosen  were 
angles  and  distances,  so  directions  and  distances  were  the  measured 
quantities  and  the  free  normals  are  rank  deficient  by  three.  The  effect 
of  removal  on  the  estimables  is  also  illustrated  for  each  of  the  three 
tests.  Station  variances  refer  to  the  pseudo-inverse  type  constraint. 

Tables  5.2.2  and  5.2.3  are  the  correlation  coefficients  from  the 
£ip  matrix  of  "used  observations"  and  of  all  possible  observations 
respectively.  Note  the  characteristically  higher  positive  correlations 
occurring  in  those  observations  in  5.2.3  which  were  not  used  in  £ . 

In  Tables  5.2.4  and  5.2.5  the  column  marked  "ALL*OBS"  gives  the  variances 
of  positional  parameters  and  estimables  from  the  established  as 

indicated  using  the  "*  obs"  in  Table  5.2.1. 
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When  observation  number  26  (direction  6-8) (see  Figure  5.1) is 


removed  from  the  design  matrix,  the  matrix  exhibits  a change  in  the 
second  place  in  the  variance  of  latitude  and  longitude  for  several  para- 
meters and  a change  in  the  first  place  in  variances  for  two  parameters, 
the  largest  being  for  the  latitude  of  station  8.  For  the 

estimables,  13  of  48  changed  in  the  second  place,  4 of  48  changed  in  the 
first  place.  The  largest  estimable  angle  change  was  in  #20  of  C)  '!  2 
and  the  largest  distance  variance  change  occurred  in  meters  . 

With  the  removal  of  direction  4-6,  observation  #16,  seven  station 
coordinate  variances  (in  latitude  and  longitude)  changed  in  the  second 

j(l  __  ^ 

place,  while  one  changed  in  the  first  place  by  O ■ i */o  . Seven  of 

the  estimable  variances  changed  in  the  second  place.  The  largest 

it  * 

estimable  angle  variance  change  was  0.  5 in  estimables  11  and  12.  The 
largest  distance  estimable  variance  change  was  \ in  estimables 

number  36  and  37,  see  Tables  5. 2. 4/5. 

With  the  removal  of  the  uncorrelated  observation,  direction  5-3, 

#18  (correlated  with  other  observations  less  than  .5),  five  station 
coordinate  variances  changed  in  the  second  place,  six  changed  in  the 

_ <C" 

first  place,  the  largest  being  0.  1 XfO  in  the  variance  for  the 

latitude  of  station  3.  For  the  estimables,  ten  variances  changed  in 

the  second  place.  The  largest  change  in  an  estimable  angle  was 

_x 

for  #16.  For  the  distances,  the  largest  change  was  Q.  IVxfO  for  #37, 

see  Tables  5. 2. 4/5. 

While  the  preceeding  test  and  those  others  performed  to  test  this 
assumption  of  dependence  indicate  that  , as  a general  rule,  the  assumption 
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is  correct,  one  important  fact  should  be  kept  in  mind.  The  correlation 
between  any  row  in  the  scaled  matrix  and  any  other  row  is  a func- 

tion of  the  coefficients  in  each  of  the  rows  and  the  £pc  matrix.  These 
correlations  are  unchanged,  even  if  some  of  the  other  rows  of  the 
A matrix  are  removed  from  the  matrix.  What  this  implies  is  that 
correlations  exist  between  predicted  observations  even  when  not  enough 
observations  are  considered  to  form  a given  matrix.  For  this 

reason,  the  widest  possible  selection  of  observations  should  be  included 
in  the  scaled  A matrix.  If,  because  of  this  inclusion,  an  uneconomical 
first  design  is  made,  the  process  of  selection  can  be  iterated,  as 
illustrated  in  design  example  5.8.1,  and  discussed  in  section  5.7. 

5.3  Interpretation  of  the  empirical  results. 

If  the  characteristics  enumerated  in  5.2  are  interpreted  in  the 
light  of  the  intuitive  statement  made  by  Hirvonen  (1965) , the  high 
positive  correlations  between  rows  in  the  scaled  f\  matrix  indicate  a 
dependence  between  the  quantities  described  by  each  row.  Since  these 
are  the  predicted  values  of  the  quantities  which  are  actually  observed, 
it  would  be  expected  that  more  information  would  be  gained  by  observing 
uncorrelated  (independent)  quantities  than  those  which  are  predicted  to 
be  dependent  by  the  mathematical  model. 

If  this  is  correct,  the  substitution  of  a > derived  as 

described  in  Chapter  4,  for  the  (^Gvi)  (generated  from  a sample  set 
of  actual  scaled  observations)  should  also  be  interpretable  in  the  same 
manner.  In  subsequent  examples  this  is  exactly  what  will  be  done. 
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5.4  Assumptions  made  in  experiments  for  observations 


5.4.1  A priori  standard  deviation  for  observations. 

The  three  most  common  types  of  observations  used  in  network 
establishment  are  directions,  distances  and  azimuths.  These  three  will 
be  used  in  the  following  examples  of  design,  but  should  not  be  con- 
sidered as  all  inclusive.  The  inclusion  or  substitution  of  other 
observation  types  can  be  handled  in  exactly  the  same  manner  as  the 
three  chosen. 

The  following  are  the  a priori  standard  deviations  for  each  type 
of  observations: 


direction  - 


ii 


(where  H is  the  number  of 
plate  positions  observed) 


distance  - 


£--0017  .s7(0(' 


(where  S is  the  distance 
between  the  points  in  meters) 


azimuth  - 


o'! 4S' 


(first  order  astronomic 
requirements  from  (USDC)) 


5.4.2  Order  of  preference  for  selection  of  observations. 

Both  distances  and  directions  are  treated  with  equal  preference  in 
the  elimination  of  observations  due  to  their  correlation  in  the  £ Lp 
matrix.  Azimuths,  where  included  in  the  A matrix,  were  given  first 
priority  for  removal,  since  it  is  assumed  that  azimuths  are  more  expensive 
to  perform  than  either  distance  or  directions. 
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5.4.3  Inclusion  of  the  station  unknowns,  2.  , in  the  matrix. 

In  Chapter  4,  no  mention  was  made  of  the  station  unknown,  2 , in 

the  $ a design  criteria.  The  reason  for  this  omission  is  that  none  of 

the  estimables  discussed  was  a function  of  any  of  the  net  station 

unknowns.  If  the  diagonal  term  of  the  5*  L,  matrix  corresponding  to 

* / X(o 

the  variance  of  the  station  unknown  is  set  at  some  reasonable  value,  for 

V 


example  0 ■ *5  , since  the  station  unknown  is  referenced  nowhere  in 

the  equation  set  4.4,  the  Xc  contribution  of  the  off  diagonal  terms 

in  the  2 rows  of  the  matrix  is  minimum  when  these  off  diagonal 

terms  are  set  to  zero.  In  this  chapter,  when  ^”x(Cf2/T)  is  used  in 
conjunction  with  the  direction  observation  equations,  eq  (2.10)  through 
(2.12),  the  2 rows  are  modelled  to  reflect  this  conclusion.  That  is: 


where  ' is  any  (p  , /X  or 
the  2 of  any  other  station, 
J , except  when 

5.5  Degrees  of  freedom  in  test  solutions. 

Test  solutions  enforcing  user  requirements  on  station  variances  and 
estimable  quantities  are  presented  for  different  sets  of  estimable 
quantities  and  networks.  In  many  of  these  solutions,  degrees  of  freedom 
are  fairly  low.  This  should  not  be  interpreted  as  advocating  little  or 
no  redundancy.  Additional  degrees  of  freedom  resulting  from  inclusion 
of  additional  observations  of  comparable  accuracy  to  those  used  in  the 
net  establishment  have  three  main  effects.  The  first  and  most  obvious 


Cov(2*  ) =o 

c ov(^(^)  - o 
Co  M C 2*,2>)  = OaVo 
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one  is  that  they  improve  the  definition  of  the  parameters  and  derived 
estimables.  The  second  effect  is  that  the  additional  observations  increase 
the  confidence  in  the  solution.  That  is,  presuming  that  the  variances 
for  two  solutions  are  comparable,  the  solution  with  the  higher  number  of 
degrees  of  freedom  has  smaller  confidence  intervals  for  all  determined 
quantities.  The  third,  and  probably  the  most  important,  effect  is 
that  additional  judiciously  placed  additional  observations  will  assist 
in  the  actual  reduction  of  data  from  observations  which  are  performed 
according  to  the  designer's  plan  in  that  they  will  strengthen  the  network 
so  that  observational  blunders  may  be  more  easily  detected,  Uotila  (1974a) . 

On  the  other  hand,  if  specifications  do  not  include  confidence 
intervals  and  additional  observations  add  additional  cost,  some  trade 
off  must  be  made  in  a practical  situation.  The  designs  shown  in  the 
examples  that  follow  are  the  minimum  a survey  party  can  return  with  and 
still  meet  requirements.  If  it  is  feasible  for  additional  observations 
to  be  made,  the  common  practice  of  performing  them  should  be  continued. 

For  example,  if  the  design  calls  for  two  directions  from  a station  which 
sees  a number  of  other  occupied  stations  and  these  other  occupied  stations 
can  show  a light  or  target  with  little  additional  effort,  certainly 
these  non-required  directions  should  be  measured.  If  however,  the  non- 
required  stations  are  unoccupied,  the  additional  effort/cost  to  target 
stations  may  not  be  worth  the  benefit  derived  from  the  additional 
degrees  of  freedom  gained. 
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5.6  Suggested  scheme  for  selection  of  observations  to  be  used. 

Once  the  matrix  of  all  possible  observations  is  formed  and 

the  correlation  coefficients  computed,  selected  observations  will  be 
correlated  to  others  within  the  correlation  coefficient  matrix. 
Experimentally,  a correlation  coefficient  of  seems  to  indicate 

that,  for  two  different  observations,  one  may  be  selected  and  the  other 
(or  others  in  the  case  of  multiple  correlations  of  one  observation  to 
more  than  one  other)  deleted.  This  cutoff  point  seems  to  produce  a 

matrix  which  meets  or  betters  user  requirements  in  all  cases 
tested,  except  those  where  a nominal  target  positional  variance  was 
assumed.  However,  this  often  produced  economically  expensive  networks 
as  well.  For  example,  observed  azimuths  do  not  only  orient  the  network 
but  also  determine  station  coordinates  and  such  estimables  as  angles 
to  very  good  accuracies,  due  to  the  small  standard  deviation  assigned 
the  observations.  A very  well  determined  net  always  results  when  many 
azimuths  of  this  type  are  included.  The  mechanical  exclusion  of 
observations  with  high  correlations  recognizes  this  fact  and  often 
produced  networks  with  many  azimuths  and  few  directions.  These  networks 
are  successful  in  that  they  meet  user  requirements  but  are  prohibitively 
expensive. 

To  get  a practical  and  inexpensive  design,  a much  lower  cutoff  in 
correlation  coefficient  is  suggested,  something  of  the  order  of  p>  S'S'- 
Also  the  following  order  of  elimination  is  suggested: 
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Correlated  to  Observation  Type 


Distance 


Azimuth 


direction  delete  either  delete  distance  delete  azimuth 


distance  delete  distance  delete  either  delete  azimuth 


azimuth  delete  azimuth  delete  azimuth  delete  either 


(”ote  i-nat  the  above  table  applies  to  the  observations  of  a type  ai  d 
accuracy  used  for  this  study  and  their  individual  "cost"  only.  There 

may  be  a considerable  change  in  this  order  of  preference  if,  for 
example,  gyro-theodolites  are  available.  These  would  give  azimuths 
of  considerably  poorer  accuracy  which  would  still  have  the  effect  of 
orientation  of  the  network,  and  this  orientation  could  be  gained  at 
considerable  less  cost  than  performance  of  first  order  astronomic 
azimuth  observations.) 

There  are  two  added  requirements  to  the  above ■ scheme . 


1.  the  degrees  of  freedom  must  be  at  least  one 

2.  at  least  one  of  each  type  of  observation  required  to  make 
the  target  quantities  estimable  must  be  included. 


A further  groundrule  is  added  in  the  illustrated  examples. 

Since  the  station  unknown,  2 , is  included  in  the  mathematical  model 

for  each  station,  at  least  two  directions  must  be  included  for  each 
station.  If  a test  is  being  made  where  it  seems  from  the  correlation 
coefficients  that  a station  need  not  be  occupied  by  a direction  mea- 
suring party,  a very  low  weight  may  be  assigned  to  any  two  directions. 
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effectively  removing  any  effect  they  would  have  on  the  accuracy  of  the 


coordinate  and  estimable  accuracy  determination. 

This  solution  usually  fails  to  entirely  satisfy  user  requirements. 
Additional  observations  may  be  added  iteratively,  to  improve  the 
accuracies  of  the  design.  From  a cost  basis,  the  following  order  was 
used  in  the  examples : 

1.  Additional  (that  is,  unused  direction)  observations  from  occupied 
stations. 

2.  Additional  (that  is,  unused)  observations  of  distances. 

3.  Additional  azimuths,  added  only  as  a last  resort,  for 
economic  reasons. 

The  choice  of  these  additional  observations  introduces  some  subjectivity 
to  the  design.  This  capitalizes  on  the  experience  of  the  designer  who 
can  usually  select  additional  observations  from  stations  which  add 
minimum  cost  to  the  overall  project.  Generally,  any  observation  involving 
a station  or  in  an  area  where  criteria  have  not  been  met  will  improve 
the  accuracies  of  quantities  involving  that  station  or  in  that  area. 

The  question  of  when  to  stop  these  additions  should  be  answered  by 
the  designer,  who  has  an  understanding  of  the  use  for  which  the  net  is 
intended.  Is  a variance  of  0.2  sufficient  if  the  target  variance  is 
0.16?  Is  0.2  substantially  different  from  0.16?  In  this  study,  the 
choice  was  made  to  stop  iterative  addition  of  observations  when  the 
predicted  variance  of  any  estimab  le  was  no  more  than  5 units  in  the 
second  significant  figure  greater  than  the  target  value  for  the  variance  of 
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that  estimable.  In  the  case  of  parameters,  if  the  user  placed 

a maximum  magnitude  on  the  accuracy  of  any  position  in  some  minimum 
constraint  network,  iteration  was  stopped  when  this  was  achieved,  so  long 
as  other  user  requirements  were  met  as  well.  If  the  position  accuracy 
was  nominal  (that  is,  not  of  vital  importance  as  compared  to  accuracies 
of  estimables)  iterative  addition  was  stopped  after  estimable  target 
variances  were  met  or  bettered. 


5.7  Iteration  of  the  design  procedure. 

If,  after  the  process  of  initial  selection  and  sequential  addition 
of  observations,  a design  is  made  which  meets  user  requirements,  but  is 
too  expensive  in  the  user's/designer's  opinion,  this  entire  process  may 
be  repeated,  substituting  the  from  the  initial  solution  for  the 

$k(CR.i T)  from  Chapter  4.  ^(jtn) matrix  has  the  virtue  of  being  a physically 
feasible  one,  using  allocated  observation  types.  As  previously  noted, 
is  independent  of  this  consideration.  The  success  of  this 
procedure  with  ^X(C£(T)  seems  to  depend  on  how  mutually  attainable 
the  users  requirements  for  estimables  and  station  positions  are.  If  the 
user  requirements  are  mismatched,  for  example,  a required  station 


accuracy  of  5 meters  in  latitude  and  longitude  and  a required  estimable 
azimuth  accuracy  of  0 • *4-  t in  the  actual  result  will  most  probably 


determine  stations  to  much  better  accuracy  than  5 meters  to  attain  the 
azimuth  requirement.  Since  the  used  in  the  formation  of  A0^)Aa 

and  therefore  ^ A0  ) is  not  unique,  it  can  be  inferred  that  this 
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procedure  can  be  iterated  to  form  a different  set  of  used  observations 
and,  therefore,  a network  which  may  cost  less,  (Bossier  et  al  (1973)). 

5.8.1  Design  example  1,  test  net  T3. 

Using  the  Jx(c  eiT)  derived  in  section  4.8.1  with  directions, 
distances  and  azimuths,  the  type  observation  standard  deviations  are 
as  follows: 

directions  - g1  = O-'  HO  per  direction  set  (16  positions) 

distances  - r o'.Ol 7 *-  ^/lQ,e 

azimuths  - (o  - 0 " H*$ 

The  cutoff  for  initial  selection  of  observations  in  this  case  was 

P > . 55"  ■ 

Table  5.8.1  gives  the  allocated  observations  and  Table  5. 8. 1-2 
indicates  the  user  designated  required  estimables  and  their  target 
variances.  The  station  variance  selection,  quantification  of  user 
requirements  and  the  configuration  of  CcR.it)  , the  criterian  V/C 
matrix  are  all  shown  in  Section  4.8.1.  Table  5. 8. 1-3  is  the  correlation 
dependence  developed  from  the  /)  A matrix,  which  will  be  used 

to  make  the  initial  selection  of  observations  from  Table  5. 8. 1-1. 

Table  5. 8. 1-4  is  the  initial  selection  of  observations  along  with  sub- 
sequent iterations  where  observations  were  added  to  meet  user  requirements. 
Table  5. 8. 1-5  indicates  the  resulting  station  and  estimable  variances 
for  each  selection  of  observations.  That  portion  of  the  table  marked 
final  represents  the  design  for  the  network,  which  is  shown  graphically 
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in  Figure  5. 8. 1-1.  The  "minimum  constraint"  columns  of  Table  5.8. 1-5 
indicate  the  solution  for  this  final  design,  fixing  station  1 in 
note  the  invariance  of  the  estimable  variances.  This  problem  was 
iterated  as  described  in  Section  5.7.  Table  5. 8. 1-6  are  the 
correlations  developed  from  the  A ilA*  matrix  based  on  the 
(j*,)  developed  in  the  previous  selection  process.  Note  the 
extreme  correlations  in  that  section  of  the  table  developed  for  the 
azimuth  observations  possible  (rows  39  through  57).  Table  5. 8. 1-7 
represents  the  initial  selection  of  observations  as  well  as  the  itera- 
tions due  to  addition  of  observations.  Table  5.8. 1-8  gives  the  station 
coordinate  variances  as  well  as  those  of  the  estimables  for  each 
selection.  That  section  of  the  table  marked  final  is  the  design 
adopted  from  this  process,  graphically  presented  in  Figure  5. 8. 1-2. 

The  results  of  one  other  than  pseudo- inverse  minimum  constraint, 
that  of  fixing  station  one,  is  given  in  the  last  column  of  Table  5. 8. 1-8. 

5.8.2  Example  2,  test  net  T4. 

The  example  uses  the  matrix  developed  in  Section  4.8.2. 

The  variances  of  the  station  coordinates,  the  user  requirements , the 
configuration  of  the  ^(c£it)  matrix  and  the  predicted  variances  of  the 
estimables  are  given  in  that  section.  The  allocated  observations  and 
the  target  estimable  variances  are  given  in  Tables  5. 8. 2-1  and  -2 
respectively.  Table  5. 8. 2-3  shows  the  correlations  developed  in  the 
A matrix,  upon  which  the  initial  design  will  be  based. 

This  initial  design  is  given  in  Table  5.8. 2-4  as  well  as  the  subsequent 
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iterations  where  additional  observations  are  added  to  meet  user  require- 
ments. The  section  that  is  marked  final  of  Tables  5.8. 2-5  and  -6  is  the 
design  selected.  Figure  5. 8. 2-1  graphically  indicates  the  final  design 
configuration.  Table  5. 8. 2-6  indicates  the  variances  of  a minimum 
constraint  solution  other  than  the  pseudo-inverse.  Note  the  invariance 

of  the  estimable  variances  in  this  solution  as  compared  to  that  marked 
final. 

Tables  5. 8. 2-7  and  -8  show  the  effect  of  an  overconstraint  on 
the  network.  Again,  it  points  up  the  minimum  constraint  as  a worst 
case  analysis. 

5.8.3  Example  3,  test  net  T3. 

The  user  requires  that  the  stations  be  determined  to  an  accuracy 
better  than  a quarter  of  a meter  (standard  deviation)  in  latitude  and 
longitude.  The  extimables  required  are  angles  and- distances. 

The  accuracy  adopted  for  the  major  diagonal  elements  of  the 

matrix  is  (5  cm)  at  the  mean  latitude  of  the  net  using  the 

A 

rule  of  thumb  given  in  Chapter  2.  This  translates  to: 

^ o',2lt?x(o'r 

>0'< 

The  three  sigma  criterian,  as  discussed  in  Chapter  3,  is  applied  to  the 
estimables.  A <i  value  of  5%  is  applied  to  the  angles  and  one  of  15% 
applied  to  the  distances  from  Table  3.1,  column  two  ( C C ) ). 
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Thus: 


C\  t „ = o ’V  M-  33  ^ < 

A*>6u» 

0>*t.47WC€  ' 2.  ^0  (pe,0lST.+»uC£ 


The  estimables  to  which  this  applies  are  listed  in  Table  5.8. 3-2. 

The  allocated  observation  are  directions  consisting  of  16  position 
observation  sets,  each  of  which  has  a standard  deviation  of  S’**- 
Distances  will  be  measured  with  an  instrument  whose  accuracy  is 
comparable  with  that  discussed  in  Section  5.4.1.  Table  5. 8. 3-1  indicates 
all  possible  observations  of  the  above  types  from  initial  reconnaissance. 


Thus : 


(o  DimilOM  ' ^ 1(0 

= ( 0 017  - S"/V)z 


The  following  are  decoupled  (see  Chapter  4)  stations  (note  that  if 
station  i is  decoupled  from  station  j , it  follows  that  j is  decoupled 
from  i,  so  the  table  below  lists  only  the  i-j  combinations) . 


Station  Number 


Decoupled  From 

5, 6, 7, 8, 9 

5. 6. 7. 8. 9 

7.8.9 

8.9 

8,9 


The  configuration  of  the  ^a(C£iT ) matrix  is  illustrated  in  Table  5. 8. 3-3. 

The  A and  B solutions  are  presented  in  Table  5. 8. 3-4.  The  predicted 
estimable  variances  based  upon  the  (c(2'T ) matrix  generated  in  the 


it  is  very  dependent  upon  the  knowledge  and  experience  of  the  designer. 


The  procedure  has  the  virtue  that  it  is  simple  to  apply  to  a variety  of 
situations  without  very  much  change,  as  opposed  to  a mathematical 
optimization  whose  cost  algorithms  would  require  tailoring  for  each  new 
problem.  The  disadvantage  to  the  procedure  is  that  no  pre-selection  of 
observations  from  the  list  of  all  possible  observations  is  feasible  and, 
due  to  the  nature  of  the  correlations,  selection  on  the  basis  of  cor- 
relation magnitude  does  not  automatically  guarantee  that  user  require- 
ments are  met.  Essentially,  the  procedure  suggested  in  this  chapter  is 
one  of  trial  and  error  after  initial  selections,  based  on  "cost"  and 
correlation,  are  made. 
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a 


A 


A and  B solutions  are  given  in  Tables  5.8. 3-5  and  -6.  Table  5.8. 3-7 


shows  the  relationships  generated  from  the  A ‘A'  matrix  where 

A is  the  scaled  design  matrix  of  all  possible  observations  (that  is, 
those  given  in  Table  5. 8. 3-1).  Observations  selected  are  indicated  in 
Table  5. 8. 3-8.  The  initial  and  subsequent  determinations  in  terms  of 
the  station  and  estimable  variances  are  given  in  Table  5. 8. 3-9.  Those 
sections  of  the  table  marked  final  are  the  designer  selected  configura- 
tion. Figure  5. 8. 3-1  is  the  final  observation  choice  indicated 
graphically.  Table  5.8.3-10  represents  two  other  minimum  constraint 
solutions.  Note  that  while  the  station  variances  are  considerably 
different,  the  estimable  variances  remain  the  same  as  those  from  the 
pseudo- inverse  solution. 

The  effect  of  overconstraint  in  this  case  is  illustrated  in 
Table  5.8.3-10.  As  previously  stated,  the  pseudo- inverse  (or  any  other 
minimum  constrant)  solution  does  represent  a worst  case  analysis.  The 
problem  for  the  designer  in  this  case  will  not  be  the  design  but  the 
statistical  testing  on  the  weighted  sum  of  the  squares  of  the  residuals 
from  the  observations  made. 

5.9  Summary 

As  can  be  seen  from  the  examples,  the  choice  of  observations  based 
on  predicted  correlations  using  the  generated  {(ti.  IT)  works  quite 
well.  In  a sense,  this  is  an  optimizing  procedure  which  uses  the 
designer's  grasp  of  the  "cost"  of  a design  to  select  observations  which 
will  keep  the  cost  to  reasonable  levels.  As  an  optimizing  procedure, 


DESCRIPTION  OF  THE  DBS  E K V A T 1 1 IMS 


KEY  - D INDICATES  A U I RECTI  DM 

(UNITS  EUR  VARIANCE  ARE  ARC  SECONDS  SQUARED) 

A INDICATES  AN  AZIMUTH 

(UNITS  E<Tk  VARIANCE  ARE  ARC  SECONDS  SQUARED) 


S INDICATES  A DISTANCE 
(UNITS  FUR  VARIANCE  ARE  METERS  SQUARED) 


OBSERVATION 

TYRE 

* A PRIORI 

FROM 

TO 

NUMBER 

VARIANCE 

STATION 

S 1 A f I UN 

1 * 

D 

0.  160 

1 

2 

2 * 

D 

0.  160 

1 

3 

3* 

D 

0.  160 

1 

4 

4* 

D 

0.  160 

2 

1 

5* 

1) 

0.  160 

2 

3 

6* 

D 

0.  160 

2 

4 

7* 

D 

0.  160 

3 

1 

8 * 

1) 

0.  160 

3 

2 

9* 

D 

0.  160 

3 

4 

10* 

D 

0.  160 

3 

5 

11* 

D 

0.  160 

3 

6 

12* 

D 

0.  160 

4 

1 

13* 

D 

0.  160 

4 

2 

14* 

D 

0.  160 

4 

3 

15* 

D 

0.  160 

4 

5 

16* 

D 

0.  1 60 

4 

6 

17* 

D 

0.  160 

4 

7 

1 8 * 

D 

0.160 

5 

3 

19* 

I) 

0.  160 

5 

4 

20* 

D 

0.  160 

3 

6 

21* 

I) 

0.  160 

5 

7 

22* 

1) 

0.  160 

6 

3 

23* 

D 

0.  160 

6 

4 

24* 

D 

0.  160 

6 

5 

25* 

D 

0.  160 

6 

7 

26* 

D 

0.  160 

6 

H 

2 7* 

D 

0.  160 

6 

9 

28* 

D 

0.  160 

7 

4 

29* 

D 

0.  160 

7 

3 

30* 

D 

0.  160 

7 

6 

(NOTE  - * INDICATES  AN  OBSERVATION  USED  TO  FORM  FREE  NORMALS 
AND  NORMAL  PSEUDO- I NVER SE ) 


Table  5.2.1 
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OE  SCR  I P T 1 1 IN  HE  THE  OBSERVATIONS 
(CONT INUEU) 


OBSERVAT I ON 

number 

TYPE 

A PRIORI 
VAR  I ANCE 

EROM 
STAT ION 

TO 

S i AT  1 ON 

31* 

D 

0.  160 

7 

8 

32* 

D 

0.  160 

7 

9 

33* 

0 

0.  160 

B 

6 

34* 

() 

0.  160 

H 

7 

35* 

n 

0.  160 

H 

9 

36* 

D 

0.  160 

9 

6 

37* 

D 

0.  160 

9 

7 

3R* 

U 

0.  160 

9 

8 

39* 

S 

0.  1 13X 10**-2 

1 

2 

40* 

S 

0.  10 7X10** -2 

8 

9 

41 

S 

0.  1 1BX  10**-2 

1 

4 

42 

S 

0.  968X  1 ()  * * — 3 

2 

3 

43 

S 

0. 205X10**-2 

2 

4 

44 

S 

0.  122X  10**-2 

3 

4 

45 

S 

0. 1 09X 1 0** -2 

3 

5 

46 

S 

0.  1 12X10**-2 

3 

6 

47 

s 

0. 866X 1 0** -3 

4 

6 

4H 

s 

0.  1 3 7 X 1 0 * * - 2 

4 

6 

49 

s 

0# 1 1 7X 10** -2 

4 

7 

50 

s 

0. 629X 10**-3 

5 

6 

51 

s 

0. 836X1 0**-3 

5 

7 

52 

s 

0. 1 15X 10**-2 

6 

7 

53 

s 

0. 15HX 10** -2 

6 

8 

54 

s 

0. 954X10** -3 

6 

9 

55 

s 

0.937X10** -3 

7 

8 

56 

s 

0.  1 36X1 0**-2 

/ 

9 

57 

s 

0.  1 16X 10**-2 

1 

3 

(NOTE  - * INDICATES 

AN  OBSERVATION  USED  TO 

EOKM  EREE 

Nl  1 R M A L S 

AND  NORMAL  P S E l JDD- I N V ER S E ) 


Table  5.2.1  (Continued) 
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ABSTRACT  OH  PREDICTED  OBSERVATION 
CORRELATION 

EXPLANATION  OE  TABLE-  COLUMN  A IS  THE  OBSERVATION 

BEING  CONSIDERED 

COLUMN  B ARE  THE  OTHER  OBSERVATIONS 
WITH  WHICH  THE  COLUMN  A OBSERVATION 
IS  CORRELATED  WITH  COEFFICIENTS 
OE  BETWEEN  1.  AND  .80 

COLUMN  C ARE  THE  OTHER  OBSERVATIONS 
WITH  WHICH  THE  COLUMN  A OBSERVATION 
IS  CORRELATED  WITH  COEFFICIENTS 
OE  BETWEEN  .79  AND  .88 


COLUMN  COLUMN 

A B 

« if  if  if  if  * * * * * * £ * $ * * =S  * * 


COLUMN 

C 

jjc  3^1  3,«  3,1  ijj  j{c  Sjc  3j»  3jj  3jC  3jt  3j?  3}l  3jl  Sjj  3ji  Sjt  3jc  3{C  3jj  if.  3jl  3js  ;jc  3)S 


1 

2 

B 

A 

8 

6 

7 

8 
9 

1 0 
1 1 
12 
IB 
1 A 
18 
18 


17 


NONE 

NONE 

NONE 

NONE 

NONE 

NONE 

NONE 

NONE 

NONE 

NONE 

NONE 

NONE 

NONE 

NONE 


18 

18 


NONE 

NONE 

NONE 

NONE 

6 

8 

NONE 

NONE 

NONE 

NONE 

NONE 

NONF 

NONE 

NONE 

NONE 

NONE 

Table  5.2.2 
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NONE 


ABSTRACT  UR  PREDICTED  OBSERVATION 
CORRELATION  (CONTINUED) 

column  column 

B C 


COLUMN 
A 


18 

NONE 

19 

NONE 

20 

NONE 

21 

NONE 

22 

NONE 

23 

NONE 

24 

NONE 

28 

NONF 

26 

31,  33, 

34, 

35, 

38 

27 

36 

28 

NONE 

29 

NONE 

30 

NONE 

31 

26,  33, 

34, 

35, 

38 

32 

NONE 

33 

26,  31, 

34, 

35, 

38 

34 

26,  31, 

33, 

36, 

38 

35 

26,  31, 

33, 

34, 

38 

36 

27 

37 

NONE 

38 

26,  31, 

33, 

34, 

36 

39 

NONE 

40 

NONE 

Tabl  e 

Sjj  3?t  jJ«  »Jt  sji  s,t  '(■  V 't*  Jj*  -1^  •I'  5i*  ^ 'iS  ^ *r  ^Js  •C'  *(• 

NONE 
NONE 
24 

NONE 
NONE 
NONE 

20 

NONE 
37 

NONE 
NONE 
NONE 
NONE 
37 
37 
37 
37 

37 

NONE 

32,  26,  31,  33,  34,  36, 

38 

37 

NONE 
NONE 

5.2.2  (Continued) 
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abstract  of  predicted  observation 

CORREL AT  ION 

EXPLANATION  OF  TABLE-  COLUMN  A IS  THE  OBSERVATION 

BEING  CONSIDERED 

COLUMN  B ARE  THE  OTHER  OBSERVATIONS 
WITH  WHICH  THE  COLUMN  A UBSFRVAIIUN 
IS  CORRELATED  WITH  COEFFICIENTS 
OF  BETWEEN  1.  AND  .80 

COLUMN  C ARE  THE  OTHER  OBSERVATIONS 
WITH  WHICH  THE  COLUMN  A OBSERVATION 
IS  CORRELATED  WITH  COEFFICIENTS 
OF  BETWEEN  .79  AND  .58 

COLUMN  COLUMN  COLUMN 

A B C 


^ £ & # £ -r  # =r  V V *!'  -Is  £ V 4 ^ # 'X 

1 

NONE 

NONE 

? 

NONE 

NONE 

3 

NONE 

NONE 

4 

NONE 

NONE 

5 

NONF 

6 

6 

NONE 

5 

7 

NONF 

NONE 

H 

NONE 

NONE 

9 

NONF 

NONE 

in 

NONE 

NONE 

1 1 

NONE 

NONE 

IP 

NONE 

NONE 

13 

NONE 

NONE 

14 

NONE 

45,  46 

15 

NONE 

16 

16 

NONE 

15 

Table  5.2.3 
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1 


1 


ABSTRACT  OE  E-KEDICTED  OBSERVATION 
CORRELATION  (CONTINUED) 


COLUMN  COLUMN 

A B 


17 

18 
19 


NONE 

NONE 

NONE 


COLUMN 

C 

&&#####&&#  Jit#*#*#### 

NONE 

NONE 

NONE 


20 

NONE 

29 

21 

NOME 

NONE 

22 

NONE 

NONE 

23 

NONE 

NONE 

29 

NONE 

20 

25 

NONE 

NONE 

26 

31,  33, 

39, 

3b, 

38, 

bb 

37 

27 

36 

NONE 

28 

NONE 

NONE 

29 

NONE 

NUNE 

30 

NONE 

NONE 

31 

26,  33, 

39, 

3b, 

38, 

bb 

37 

32 

NONE 

37 

33 

26,  31, 

39, 

3b, 

38, 

bb 

37 

39 

26,  31, 

33, 

3b, 

38, 

bb 

37 

36 

27 

NUNE 

37 

NONE 

26, 

31  , 

bb 

38 

26,  31, 

33, 

3b, 

bb 

57 

31,  33,  39,  3b,  3B, 


Table  5.2.3  (Continued) 
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V 


I 


ABSTRACT  OF  PREDICTED  OBSERVATION  137 

CORRELATION  (CONTINUED) 


COLUMN 

column 

COLUMN 

A 

B 

C 

^ $ *r  ^ 

^ 

^ ^ v ^ 

*4* 

*** 

34 

NONE 

NONE 

40 

53 

NONE 

41 

43 

57, 

44, 

46 

4? 

NONE 

4 3 

43 

41 

44, 

45, 

57, 

42, 

46, 

48 

44 

45, 

46, 

41, 

43, 

48, 

57, 

47, 

49 

52 

45 

44, 

46, 

41, 

43, 

48, 

14, 

47, 

49 

46 

44, 

45 

48, 

14, 

41  , 

43, 

47, 

49 

47 

48, 

49 

44, 

45, 

46 

4 B 

47 

44, 

45, 

46, 

49  , 

52, 

4 3 

50 

49 

47 

48, 

51  , 

52, 

44, 

45, 

46 

50 

NONE 

48 

51 

5? 

49, 

54 

5? 

51 

48, 

49  , 

56, 

44, 

5 4 

53 

40 

NONE 

54 

NUNE 

568 

518 

52 

55 

26, 

31,  33,  34,  35,  55 

37 

56 

NONE 

52, 

54 

57 

NONE 

41, 

43, 

44 

Table  5.2.3  (Continued) 
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S T A 7 ION  VAR I ANCES 
FOK  THIS  NFT 


KFY  TO  PARAMETER  CODE-  P 

INDICATES 

THE 

VAR  I ANCE 

IN 

LAT I TUDE 

L 

INDICATES 

THE 

VARIANCE 

IN 

LONG  I TUDE 

Z 

INDICATES 

THE 

VAR  I ANCE 

IN 

STATION 

UNKNOWN  ( » Z • CORRECT I ON ) 


NOT  F THAT  ALL  PAKAMFTER  VARIANCFS  ARt  IN  UNITS  OF  ARC 
SECONDS  SQUARED  AND  THE  HEADING  'CODE'  INDICATES  PARAMETER 

CUDE 


station 

VAR  I ANCE 

VAR  I ANCE 

VAR  I ANCE 

VAR  I ANCE 

NUMBER /CODE 

ALL  *OBS 

«26  DELETED 

#16  DELETED 

*18  DELETED 

1 

P 

8 . 800-06 

8. 9RD-06 

8. 960-06 

9.210-06 

L 

1 . 300-06 

1.300-06 

1 . 300-06 

1 . 340-06 

Z 

3. 440-01 

3.490-01 

3.510-01 

3.540-01 

? 

P 

9 . 08  D— 06 

9. 1 00-06 

9.47D-06 

9.870-06 

L 

1 . 870-06 

I . 9OU-06 

1.850-06 

1 .960-06 

Z 

3.84D-01 

-t.  Mr.0-01 

3.960-01 

3. 920-01 

3 

P 

4. 16D-06 

4. 200-06 

4.320-06 

5. 120-06 

L 

1.77D-06 

1 . /9l  '-06 

1.800-06 

1.820-06 

Z 

1 .710-01 

1 . 720-01 

1 . 750-01 

2.040-01 

4 

P 

1.97D-06 

2.090-0o 

2.030-06 

2.350-06 

L 

2. 88D-06 

2.  940-06 

2.900-06 

2.860-06 

Z 

1.35D-01 

1 . 390-01 

1.630-01 

1.350-01 

5 

P 

5.040-07 

5.  210-07 

5.29D-07 

5.830-07 

L 

1.460-06 

1.470-06 

1 .480-06 

2.000-06 

Z 

1.540-01 

1. 580-01 

1.560-01 

2.460-01 

6 

P 

8. 770-07 

8.9  40—07 

9.73D-07 

4.670-07 

L 

1 . 4 7D-06 

1.510-06 

1 .48U-06 

1 . 520-06 

Z 

1 . 20D-C1 

1.360-01 

1.270-01 

1.270-01 

7 

P 

2.  13D-06 

2. 1 70-06 

2. 110-06 

2. 160-06 

L 

2. 170-06 

2.370-06 

2.190-06 

2. 150-06 

Z 

1.910-01 

1 . 920-01 

1.920-01 

1 . 990-0 1 

R 

P 

6.700-06 

8.970-06 

6.670-06 

6.750-06 

L 

1 . 230-06 

1. 810-06 

1.240-06 

1 . 260-06 

Z 

3.790-01 

4. 770-01 

3.830-01 

3.850-01 

9 

P 

6. 390-06 

6. 960-06 

6.371 1-06 

6.610-06 

L 

1. 170-06 

1.2  80—06 

1 . 190-06 

1.170-06 

Z 

3. 720-01 

3.  k^O-OI 

3.730-01 

3.810-01 

Table  5.2.4 
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r 

set — — — it 

THE  VARIANCE 

OF  THE  ESTIMABLFS  FOR  THIS 

SELECTION  OF  OBSERVATIONS 

TYPE 

KEY- 

0 I NO  I CATES 

AN  AZIMUTH 

(ONITS  FOR 

VARIANCE  ARE 

ARC  SECONDS 

SQUARED) 

S INDICATES 

A DISTANCE 

(ONITS  FOR 

VARIANCE  ARE 

METERS  SQUARED) 

EST  I MABLE 

VARIANCE 

VAR  I ANCE 

VAR  I ANCF 

VAR  I ANCE 

NUMBER/TYPE 

ALL  SOBS  #26  DELETED  #16  DELETED 

#18  DELETED 

1 

0 

5.420-01 

5. 420-01 

5.430-01 

5.460-01 

2 

0 

5. 78U-01 

5.780-01 

5.780-01 

5.790-01 

3 

0 

4.940-01 

4. 960-01 

4.950-01 

4.940-01 

4 

D 

2. 85D-01 

2.850-01 

2.850-01 

2.850-01 

5 

0 

5. 300-01 

5. 310-01 

5.330-01 

5. 320-01 

6 

D 

5.610-01 

5. 620-01 

5.630-01 

5.610-01 

i 

7 

0 

5.380-01 

5. 380-01 

5.38D-01 

6.470-01 

8 

0 

ft. 090-01 

6. 110-01 

6. 370-01 

6.100-01 

9 

0 

2. 44D-01 

2.450-01 

2.440-01 

2.440-01 

10 

0 

4. 74D-01 

4.750-01 

4. 740-01 

4.770-01 

1 1 

Q 

4.730-01 

4. 760-01 

5.020-01 

4.960-01 

12 

D 

3.770-01 

3.770-01 

4.230-01 

4.450-01 

13 

n 

ft. 300-01 

ft. 320-01 

6.350-01 

6.340-01 

14 

D 

4.420-01 

4.420-01 

4.750-01 

7.210-01 

IS 

D 

5.  170-01 

5. 190-01 

5.810-01 

8.730-01 

IB 

1) 

5. 950-01 

5.970-01 

6.130-01 

1.050+00 

17 

0 

2. 620-01 

2. 620-01 

2 . 680-0 1 

3.440-01 

18 

D 

4.  38D-01 

4. 380-01 

4.490-01 

4. 980-01 

19 

D 

5. 26D-01 

5. 440-01 

5.270-01 

5.470-01 

20 

0 

5. 080-01 

7. 180-01 

5. 100-0) 

5.350-01 

21 

D 

6.300-0] 

ft. 600-01 

6.300-01 

6.700-01 

22 

D 

3. 330-01 

3. 380-01 

3.350-01 

3.860-01 

23 

1) 

4. 690-01 

4. 800-01 

4.760-01 

4.710-01 

24 

D 

6.250-01 

7.030-01 

6.350-01 

6.290-01 

25 

D 

5.  190-01. 

5.210-01 

5.220-01 

5.270-01 

j 

2ft 

D 

3. 150-01 

3.380-01 

r— H 

c 

1 

-O 

• 

m 

3. 150-01 

27 

D 

3.450-01 

3. 480-01 

3.460-01 

3.460-01 

28 

D 

4.030-01 

4.370-01 

4. 030-01 

4.040-01 

29 

D 

5.670-01 

ft. 190-01 

5.670-01 

5.670-01 

30 

S 

1.060-03 

1 . 070-03 

1 .070-03 

1.070-03 

Table  5.2 

. 5 

155 

1 


THE  VARIANCE  OE  THE  ESTIMARLES  EOK  THIS 
SELECTION  HE  URSERVAT  I ONS 


( CUNT INUED) 

EST IMABLE 

VAR  1 ANCE 

VAR  1 ANCE 

VAR  I ANCE 

variance 

number/tyre 

ALL  *UBS 

#26  OELETEO 

#16  OELETEO 

#18  OELETEO 

31 

S 

2.950-03 

2.960-03 

2.980-03 

2.950-03 

32 

S 

7.880-03 

7.920-03 

7.920-03 

7.890-03 

33 

S 

6.330-03 

6. 33D-03 

6.350-03 

6.360-03 

36 

S 

8.050-03 

8. 100-03 

8. 100-03 

8.05D-03 

35 

S 

6.770-03 

6.820-03 

6.790-03 

6.780-03 

36 

S 

6.210-03 

6. 250-03 

6.620-03 

6.710-03 

37 

s 

7. 170-03 

7.220-03 

7.630-03 

8.660-03 

38 

s 

3. 550-03 

3. 620-03 

3.600-03 

6. 560-03 

39 

s 

5.600-03 

5. 6b0-03 

5.63D-03 

6.060-03 

60 

s 

6. 160-03 

6. 620-03 

6. 170-03 

6.790-03 

61 

s 

1.960-03 

1.960-03 

1.960-03 

2.060-03 

62 

s 

2.950-03 

3. 090-03 

2.960-03 

3.110-03 

63 

s 

3.310-03 

3.370-03 

3.360-03 

3.330-03 

66 

s 

5.560-03 

6.  290-03 

5.590-03 

5.570-03 

65 

s 

6. 110-03 

6.720-03 

6.1 5D-03 

6. 160-03 

66 

s 

5.260-03 

7.230-03 

5.290-03 

5.270-03 

67 

s 

6. 120-03 

6.570-03 

6. 15D-03 

6.1  3D— 03 

68 

s 

1 . 000-03 

1. 000-03 

1.010--03 

1.000-03 

Table  5.2.5  (Continued) 
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DESCRIPTION  UF  THE  UBSEK  VAT  I (INS 


KEY  - D INDICATES  A DIRECTION 

(UNITS  EUR  VARIANCE  ARE  ARC  SECONDS  SQUARED) 

A INDICATES  AN  AZIMUTH 

(UNITS  EUR  VARIANCE  ARE  ARC  SECONDS  SQUARED)  ■ 


S INDICATES  A DISTANCE 
(UNITS  EUR  VARIANCE  ARE  METERS  SQUARED) 


OBSERVATION 

NUMBER 

TYPE 

A PRIORI 
VAR  I ANCE 

EkOM 

STATION 

Tf) 

S T A 1 KIN 

1 

D 

0.  160 

1 

2 

2 

D 

0.160 

1 

3 

3 

D 

0.  160 

1 

4 

4 

n 

0.  160 

2 

1 

5 

D 

0.  160 

2 

3 

6 

D 

0.  160 

2 

4 

7 

D 

0.  160 

3 

1 

8 

D 

0.160 

3 

2 

9 

1) 

0.  160 

3 

4 

10 

n 

0.  160 

3 

5 

1 1 

D 

0.  160 

3 

6 

12 

D 

0.  160 

4 

1 

13 

1) 

0.  160 

4 

2 

19 

D 

0.  160 

9 

3 

15 

0 

0.  160 

9 

5 

1 A 

D 

0.  160 

4 

6 

17 

D 

0.  160 

4 

7 

18 

D 

0.  160 

5 

3 

19 

D 

0.  160 

6 

4 

20 

U 

0.  160 

6 

6 

21 

D 

0.  160 

6 

7 

22 

D 

0.  160 

6 

3 

23 

D 

0.  160 

6 

4 

29 

D 

0.  160 

6 

5 

25 

D 

0.  160 

6 

7 

26 

D 

0.  160 

6 

8 

27 

D 

0.  160 

6 

9 

28 

D 

0.  160 

7 

4 

29 

0 

0.  160 

7 

8 

30 

D 

0.  160 

/ 

6 

31 

D 

0.  160 

7 

8 

32 

D 

0.  160 

7 

9 

33 

I) 

0.  160 

8 

6 

39 

r> 

0.  160 

8 

7 

35 

D 

0.  160 

Tabl  e 5 . 8 . 1 -1 
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DESCRIPTION  UF  THE  OBSERVATIONS 
( CONTINUED ) 


OBSERVATION 

NUMBER 

TYPE 

A PRIORI 
VARIANCE 

FROM 

STATION 

TU 

station 

36 

D 

0.  160 

9 

6 

37 

D 

0.  160 

9 

7 

3 8 

D 

0.  160 

9 

8 

39 

A 

0.  203 

1 

2 

40 

A 

0.203 

1 

3 

41 

A 

0.  203 

1 

4 

42 

A 

0.203 

2 

3 

43 

A 

0.203 

2 

4 

44 

A 

0.  203 

3 

4 

46 

A 

0.  203 

3 

5 

46 

A 

0.  203 

3 

6 

47 

A 

0.  203 

4 

5 

4 8 

A 

0.  203 

4 

6 

49 

A 

0.  203 

4 

7 

50 

A 

0.203 

6 

6 

51 

A 

0.  203 

5 

7 

52 

A 

0.203 

6 

7 

53 

A 

0.  203 

6 

8 

54 

A 

0.203 

6 

9 

55 

A 

0.  203 

( 

8 

56 

A 

0.203 

7 

9 

57 

A 

0.203 

H 

9 

58 

S 

0.  1 13X10**-2 

1 

2 

59 

S 

0.  116X1 0**-2 

1 

3 

60 

S 

0.  1 18Xl0**-2 

1 

4 

61 

S 

0. 968X 10**-3 

2 

3 

62 

S 

0.205X 10**-2 

2 

4 

63 

S 

0.  122X10**-2 

3 

4 

64 

S 

0.  1 09  X 1 0** -2 

3 

5 

65 

S 

0.  1 12X10^=<=-2 

3 

6 

66 

s 

0.  866X 10**-3 

4 

5 

67 

s 

0.  13  7X1  0**-2 

4 

6 

68 

s 

0.  117X10**-2 

4 

7 

69 

s 

0.629X10**-3 

5 

6 

70 

s 

0.836X10**-3 

5 

7 

71 

s 

0.  1 15X10**-2 

6 

7 

72 

s 

0.  1 68  X 1 0** -2 

6 

8 

73 

s 

0.  954X 1 0**  — 3 

6 

9 

74 

s 

0.937X10**-3 

7 

8 

75 

s 

0.  136X1 0**-2 

t 

9 

76 

s 

0.  107X10**-2 

H 

9 

Table  5.8.I-I  (Continued) 
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Key  - 


F ST  I MARL 


DESCRIPTION  OF  THE  ESTIMAHLES  IN  THIS  IESI 
INDICATES  AM  A/IMOTH 

(ONITS  FOR  VARIANCE  ARE  ARC  SECONDS  SQOAKED) 

INDICATES  A DISTANCE 
(ONITS  FOR  VARIANCE  ARE  METERS  SQUARED) 

INDICATES  AN  ANGLE 

(ONITS  FOR  VARIANCE  ARE  ARC  SECONDS  SQOARED) 


E NUMBER  TYPE 


TARGET  VARIANCE  FROM  TO 


1 

2 

3 

4 
3 
6 
7 
B 
9 

10 
1 1 
12 

13 

14 

15 

16 

17 

18 

19 

20 
21 
22 

23 

24 

25 

26 

27 

28 

29 

30 

31 
38 

33 

34 

35 

36 

37 

38 


A 

A 

A 

A 

A 

A 

A 

A 

A 

A 

A 

A 

A 

A 

A 

A 

A 

A 

A 

S 

S 

s 

s 

s 

s 

s 

s 

s 

s 

s 

s 

s 

s 

s 

s 

s 

s 

s 

Ta  bl  e 


0.  40 
0.40 
0.  40 
0.40 
0.  40 
0.40 
0.40 
0.40 
0.40 
0.40 
0.40 
0.40 
0.40 
0.40 
0.40 
0.40 
0.40 
0.40 
0.40 

0. 17X 10**-1 
0. 1 8 X 10**- 1 
0. 18X 10*4-1 
0. 13X10**-1 
0. 34X10**-! 
0. 19X10*4-1 
0. 16X10*4-1 
0. 17X10*4-1 
0.12X1 0**-l 
0. 22X 10*4-1 
0. 18X10*4-1 
0. 6 3 X 10*4-2 

0.11X1 044-1 

0. 17X10*4-1 
0. 26X10*4-1 
0. 13X10*4-1 
0. 13X10*4-1 
0. 22X10*4-1 
0.16X1 0*4-1 

5. 8. 1 -2 


1 

1 

1 

2 

2 

3 

3 

3 

4 
4 
4 
*5 

3 

6 

6 

6 

7 

7 

8 
1 
1 
1 
2 
2 
3 
3 

3 

4 
9 
4 
3 
3 
h 
6 
6 
/ 

7 

8 


2 

3 

4 

3 

4 
A 
3 
6 


7 

6 

7 

7 
H 
9 

8 
9 
9 
2 

3 

4 

3 

4 
4 
3 
6 
3 
6 
7 
6 
7 

7 

8 
9 
8 
9 
9 
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3"  a 


ABSTRACT  Of-  PREDICTED  OBSERVATION 
CORRELATION 

EXPLANATION  OE  TABLE-  COLUMN  A IS  THE  OBSERVATION 

BEING  CONSIDERED 

COLUMN  B ARE  THE  OTHER  OBSERVATIONS 
WITH  WHICH  THE  COLUMN  A OBSERVATION 
IS  CORRELATED  WITH  COEEFICI6NTS 
OE  BETWEEN  1.  AND  .80 

COLUMN  C ARE  THE  OTHER  OBSERVATIONS 
WITH  WHICH  THE  COLUMN  A OBSERVATION 
IS  CORRELATED  WITH  COEFFICIENTS 
OE  BETWEEN  .79  AND  .55 

COLUMN  COLUMN  COLUMN 


V V V v V V '1'  V V ’|"  V V V V V W ■>'  V V V 

sj£  s|:  sjc 

*v  y.  ,i. 

I 

NONE 

2 1 

39 

2 

NONE 

1. 

3,  40 

3 

NOME 

2, 

41 

4 

NONE 

6. 

5,  39 

5 

NONE 

6 t 

42,  4 

6 

NONE 

4, 

5 

7 

NONE 

8, 

9,  40 

8 

NONE 

42, 

7 

9 

NONE 

7, 

10,  11,  44 

10 

NONE 

11, 

45,  9 

1 I 

NONE 

10, 

46,  9 

12 

NONE 

13, 

14,  41 

1 3 

14 

12, 

16,  15 

14 

13 

16, 

12,  15,  44 

15 

16 

17, 

13,  14,  47 

Tabl  e 

5.8 .1 -3 
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ABSTRACT  Oh  PREDICTED  UBSERVA1IUN 
CORRELATION  (CONTINUED) 

COLUMN  COLUMN  COLUMN 

A B C 


j|;  jJi  Jjt  -Ic  sjt  s|j  ^ y v V v V 

'r  # # # 

«*»  V*  V, 

‘ V -r  -,~ 

V 'I*  '•*  'r  *r 

16 

13 

13, 

14, 

17, 

17 

NONE 

13, 

16, 

49 

18 

NONE 

43, 

19, 

20 

19 

NONE 

18, 

47 

20 

NONE 

50, 

18, 

24 

21 

NONE 

51, 

29 

22 

NONE 

46, 

23, 

24 

23 

NOME 

24, 

22, 

25, 

26,  48 

24 

NONE 

23, 

25, 

50, 

20,  2 2 

23 

NONE 

24, 

26, 

23, 

62 

26 

NONE 

23, 

27, 

23, 

24,  53 

27 

NONE 

26, 

54  • 

28 

NONE 

29, 

4V 

29 

NONE 

51, 

21  , 

28, 

30,  32 

30 

NONE 

32, 

29, 

52 

31 

NONE 

53, 

32 

32 

NONF 

30, 

29, 

31  , 

55 

33 

NONE 

34, 

33, 

3 3 

34 

NOME 

33, 

35  , 

33 

33 

NONE 

33, 

34, 

37 

Table  5.8.1  - ci  (Continued) 
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ABSTRACT  0E  PREDICTED  OBSERVATION 
CORREL AT  I ON  (CONTINUED) 


COLUMN 

B 

!*$**!>*!*$*  * * * * Jjt  * sf  # if  * * # £ J1;  # 


COLUMN 

c 

It  * >!=  * * * =!=  if  if  y?  5>  -f  *:  £ * # # # If  £ * * * 4 


36 

NONE 

5A, 

37 

37 

NONE 

38 » 

36, 

56 

3fi 

NONE 

37, 

57 

39 

NONE 

1 , 

A 

AO 

NOME 

2,7 

A 1 

NONE 

3, 

12 

A? 

NOME 

5, 

8 

A3 

NONE 

NONE 

AA 

NONE 

9, 

1A, 

6A , 65 

A5 

NONE 

10, 

18 

A 6 

NONE 

11, 

22 

A7 

NONE 

AH, 

15, 

•19,  63 

AH 

NONE 

A7 , 

16, 

23,  50 

A9 

NONE 

17, 

28 

50 

NONE 

20, 

2A, 

AH,  72 

51 

NONE 

21, 

29 

5? 

NONF 

25, 

30, 

68 

53 

NONE 

26, 

33 

5 A 

NONF 

27, 

36 

55 

NOME 

31, 

3 A 

56 

NONE 

32, 

37, 

70 

57 

NONE 

35, 

38 

Table  5. 8. 1-3  (Continued) 
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ABSTRACT  OF  PREDICTED  OBSERVATION 
CORRELATION  (CONTINUED) 


COLUMN 

COLUMN 

COLUMN 

A 

B 

C 

£#  $ $ 

* * * $ 4=  * # # # # $ =S  * # --It  # # >!=  ❖ * * =>  >S  $ 

v V v 'I'  v V 'r'  v *»»  '•»  V V 'i»  v 'I*  '!•  v V *r  v v *[! 

SB 

NONE 

59 

39 

NONE 

58 

60 

NONE 

62 

61 

NONF 

NONE 

62 

NONE 

60,  63 

63 

NONF 

47,  62 

64 

NONF 

44,  65 

63 

NONE 

44 , 64 

66 

NONE 

NONE 

6 7 

NONE 

NONE 

68 

NONE 

52 

69 

NONE 

NONE. 

70 

NONE 

56,  68,  71 

71 

NONF 

70,  72 

7? 

NONE 

50,  71,  73,  76 

73 

NONE 

72 

74 

NONE 

NONE 

75 

NONE 

76 

76 

NONE 

7 2,  75 

Table  5.8.1  "3  (Continued) 
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SFLt-CT  ION  OF  OBSERVATIONS  FOR  THF  FORMATION  UF  THb  V/C 
MATRIX  FOR  POSITIONAL  PARAMETERS 

EXPLANATION  OF  THF  ENTRIES  IN  THE  'SELECTION'  COLUMN 
I - INDICATES  A SELECTION  (INITIAL  FORMATION) 

A - INDICATES  AN  ADDITION.  THE  NUMBER  FOLLUWlNb 
IS  THE  ITERATION  IN  WHICH  THIS  OBSERVATION 
WAS  ADDED 

KEPT  - INDICATES  THAT  THIS  OBSERVATION  WAS 
INCLUDED  TU  INSURE  THAT  AT  LEAST  TWO 
DIRECTIONS  WERE  OBSERVED  AT  EACH  STATION 
.J  - WHERE  J IS  A NUMBER  FROM  1 TO  9 INDICATES 
THAT  THIS  OBSERVATION  WAS  CORRELATED  TO 
ANOTHER  SELECTED  OBSERVATION  WITH  A 
COEFFICIENT  OF  .J 

OBSERVATION  OBSERVATION 

NUMBER  SELECTION  NUMBER  SELFCTION 


I 

I 

21 

I 

2 

I 

22 

I 

3 

I 

23 

.6 

4 

I 

24 

.ft 

5 

I 

25 

I 

ft  . ft 

A 1 

26 

.7 

A l 

7 

I 

27 

I 

B . ft 

A 1 

2B 

I 

9 . 6 

29 

.ft 

10 

I 

30 

.ft 

1 1 

I 

31 

I 

12 

I 

32 

I 

13.7 

33 

.6 

A2 

14  .ft 

34 

.ft 

A 2 

IS 

I 

36 

I 

1ft 

1 

3ft 

I 

17 

I 

37 

.6 

A 1 

IB 

I 

3H 

I 

19  .ft 

39 

.ft 

20 

I 

40 

.ft 

Table  5.B.1-4 
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SELECTION  OF  DBS FR V A T I ( INS  FUR  THF  FORMATION  OF  iHE  V/C 
MATRIX  FOR  POSITIONAL  PARAMETERS 
( CONT INOFO ) 


OBSERVATION 

OBSERVA I ION 

number 

SELECT  I ON 

NOMBER 

SELECTION 

4 1 .6 

61 

I 

42  .7 

62  .6 

4 3 

I 

63 

I 

44  . 6 

64 

I 

45  .7 

65  .6 

46  . 7 

6 6 

I 

47  .6 

67 

1 

4 8 .6 

68 

I 

49  .6 

69 

1 

50  .7 

7 0 .6 

51  .7 

71 

I 

52  .6 

72  .6 

53  .6 

73 

I 

54  . 7 

74 

I 

55  .7 

75 

I 

56  . 6 

7 6 .6 

57  .6 

58  .6 

59 

I 

60 

I 

Tabl  e 

5. 8.1-4  (Continued) 
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STATION  VARIANCES 

for  this  net 

KFY  TO  PARAMETER  CODE-  P INDICATES  THE  VARIANCE  IN  LATITUDE 

L INDICATES  THE  VARIANCE  IN  LONGITUDE 
Z INDICATES  THE  VARIANCE  IN  STATION 
UNKNOWN  I'Z'  CORRECTION) 

NOT F THAT  ALL  PARAMETER  VARIANCES  ARE  IN  UNITS  UF  ARC 
SECONDS  SQUARED  AND  THE  HEADING  ‘CODE'  INDICATES  PARAMETER 

CODE 


ST  AT  ION 

VAR  I ANCE 

VARIANCE 

VARIANCE 

VARIANCE 

NUMBER/CODE 

INITIAL 

1 ITERATION 

2 ITERATION 
( FINAL  ) 

MINIMUM 

CONSTRAINT 

1 

P 

6.07  D— 0 7 

5. 840-07 

5.850-07 

1.000-10* 

L 

8. 770-06 

7. 1 10-06 

7.730-06 

1.000-10* 

Z 

3 . 380-01 

3. 070-01 

3.070-01 

3.080-01 

? 

P 

1 . 250-06 

1. 240-06 

1.230-06 

1.850-06 

L 

6.31 D— 06 

6.  320-06 

6.890-06 

2.230-06 

Z 

3.480-01 

2. 69D-01 

2.690-01 

2.700-01 

3 

P 

8.280-07 

6.  620-07 

6.660-07 

1 . 240-06 

L 

2.220-06 

1.690-06 

2.010-06 

2.890-06 

Z 

A. 000-01 

2.  77D-01 

2.770-01 

2. 790-01 

A 

P 

8. 610-07 

7.240-07 

7.220-07 

7.630-07 

L 

1 . 3 AD-06 

1. 150-06 

1 . 390-06 

3.590-06 

Z 

A. 230-01 

3.410-01 

3.400-01 

3.420-01 

5 

P 

1 . 540—07 

1. 570-07 

1 . 560-07 

8.390-07 

L 

3.730-07 

3.680-07 

3.500-07 

8.820-06 

Z 

A. 490-01 

3. 650-01 

3.550-01 

3.560-01 

6 

P 

6.50  D— 07 

5.340-07 

5.310-07 

1 .730-06 

L 

6. 390-07 

5. 110-07 

3.960-07 

1 . 070-05 

Z 

A. 6 70-01 

3.650-01 

3.650-01 

3.670-01 

7 

P 

1 . 160-06 

9. 510-07 

9.460-07 

1 . 290-06 

L 

1.910-06 

1.480-06 

1 .200-06 

1.420-05 

Z 

5.270-01 

4.  220-01 

4. 160-01 

4. 180-01 

8 

P 

1.350-06 

1 . 080-06 

9.440-07 

1.520-06 

L 

1 . 160-05 

8.  2 30-06 

7.400-06 

2.870-05 

Z 

7.590-01 

6.400-01 

4.550-01 

4.570-01 

9 

P 

1.320-06 

1.  140-06 

1 .080-06 

2.350-06 

L 

6.890-06 

5.280-06 

4.  7 40—06 

2.340-05 

Z 

6.000-01 

4. 140-01 

4.4HD-01 

4.500-01 

( NOTE  THAT  •'*"  INDICATES  A WEIGHT  CONSTRAINED  PARAMETER) 

Table  5. 8. 1-5 
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A 


THE  VARIANCE 

OF  THE  EST IMABLES  EUR  THIS 

SELECTION  UE  OBSERVATIONS 

Type 

KEY- 

A INDICATES 

AN  AZIMUTH 

(UNITS  EUR 

VARIANCE  ARE 

ARC  SECONDS 

SQUARED) 

S INDICATES 

A DISTANCF 

(UNITS  EOR 

VARIANCE  ARE 

METERS  SQUARED) 

FST IMABLE 

VAR  I ANCE 

VAR  I ANCE 

VAR  I ANCE 

VAR  I ANCE 

NUMBER/ TYPE 

INITIAL  1 

I TER A i I UN 

2 ITERATION 

MINI  MUM 

( FINAL  ) 

constraint 

1 

A 

2. 710-01 

2.650-01 

2.650-01 

2.650-01 

? 

A 

3. 90 D- 01 

3. 280-01 

3.270-01 

3.270-01 

3 

A 

3.55D-01 

2.890-01 

2.890-01 

2.890-01 

4 

A 

9. 1 30-0 1 

2. 750-01 

2.750-01 

2.750-01 

5 

A 

2. 030-01 

2.030-01 

2.030-01 

2.030-01 

6 

A 

3.940-01 

2.600-01 

2.600-01 

2.600-01 

7 

A 

3.730-01 

2.760-01 

2.760-01 

2.760-01 

8 

A 

9.020-01 

3. 02D-01 

3.010-01 

3.010-01 

9 

A 

9.91 0-0 1 * 

9.050-01 

9.090-01 

9.090-01 

10 

A 

9.  180-01 

3. 300-01 

3.300-01 

3.300-01 

1 1 

A 

9.650-01* 

3.67D-01 

3.670-01 

3.670-01 

IP 

A 

5. 660-01  * 

9. 700-01* 

9.980-01 

9.980-01 

13 

A 

9.750-01* 

3.840-01 

3.89D-01 

3.890-01 

19 

A 

9. 600-01* 

3. 660-01 

3.660-01 

3.660-01 

13 

A 

5. 150-01* 

3.840-01 

3.890-01 

3.890-01 

16 

A 

5.330-01* 

9. 280-01 

9.280-01 

9. 280-01 

17 

A 

6.850-01* 

9.920-01* 

9.360-01 

9.360-01 

18 

A 

5. 110-01* 

9. 080-01 

9.010-01 

9.010-01 

19 

A 

5.970-01* 

9. 780-01* 

9.500-01 

9.500-01 

20 

S 

2.560-03 

1 . 270-03 

1 . 270-03 

1 .270-03 

PI 

S 

5.680-09 

5.690-09 

5.630-09 

5.630-09 

22 

S 

7.910-09 

6. 890-09 

6.890-09 

6.890-09 

23 

S 

6.930-09 

6. 330-09 

6.330-09 

6.330-09 

29 

S 

1.510-03 

1.090-03 

1.090-03 

1 . 090-03 

25 

s 

9.000-09 

3.950-09 

3.920-09 

3.920-09 

26 

s 

6.730-09 

6. 690-09 

6.690-09 

6.690-09 

27 

s 

9.010-09 

8.950-09 

8.990-09 

8.990-09 

28 

s 

3. 570-09 

3. 980-09 

3.47D-09 

3 . 970-09 

29 

s 

9.050-09 

3.920-09 

3.810-09 

3.810-09 

30 

s 

6. 280-09 

6. 190-09 

6. 130-09 

6. 1 30-09 

( NOTE 

THAT 

"*"  INDICATES  ESTIMABLE 

FAILS  USER 

REQUIREMENT ) 

Table  5.8.1 

-5  (Continued) 

T HE  VARIANCE  I JF  THE  ESTIMABLES  FOR  THIS 

selection  of  observations 

( CONT INUEO ) 


EST IMABLE 

VAR  I ANCE 

VAR  1 ANCE 

VAR  I ANCE 

VAR  I ANCE 

number/tybe 

initial 

1 ITERATION 

2 ITERATION 
( FINAL  ) 

MINI  MUM 
CONSTRAINT 

31 

S 

2.810-06 

2. 760-06 

2.710-06 

2. 710-06 

32 

S 

5.700-06 

5. 210-06 

5. 1 H 0-06 

5. 180-06 

33 

S 

6. 160-06 

3. 670-06 

3.330-06 

3. 330-06 

36 

S 

1 . 3 7 U - 0 3 

8.760-06 

7.080-06 

7. 080-06 

35 

s 

6. 690-06 

6.  630-06 

5.900-06 

5.900-06 

36 

s 

7.650-06 

5. 710-06 

5. 1 3D-06 

5.1 3D-06 

37 

s 

5.  120-06 

6.  360-06 

6.060-06 

6.060-06 

38 

s 

1.600-03 

6.070-06 

5.260-06 

5.260-06 

( NOTE 

THAT 

"*»  INDICATES  ESTIMABLE 

FAILS  USER 

REQUIREMENT ) 

Table  5.8.1  -5  (Continued) 
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r 


ABSTRACT  (IF  RREDICTFO  OBSERVATION 
CORRELATION 

EXPLANATION  OE  TABLE-  COLUMN  A IS  THE  OBSERVATION 

BEING  CONSIDERED 

COLUMN  B ARE  The  OTHER  OBSERVATIONS 
WITH  WHICH  THE  COLUMN  A OBSERVATION 
IS  CORRELATED  WITH  COEFFICIENTS 
OE  BETWEEN  1.  AND  .BO 

COLUMN  C ARE  THE  OTHER  URSEKVAT IONS 
WITH  WHICH  THE  COLUMN  A OBSERVATION 
IS  CORRELATED  WITH  COEFFICIENTS 
OF  BETWtEN  .79  AMO  .55 

COLUMN  COLUMN  COLUMN 


A 

r r *r 

R 

sj:  # sj:  >;c 

C 

1 

NONE 

NONE 

2 

NONE 

NONE 

3 

NONE 

NONE 

A 

NONE 

6 

5 

NONE 

6 

6 

NONE 

A, 

5 

7 

NONE 

5B 

B 

NONE 

NONE 

9 

NONE 

10, 

60 

10 

NONE 

9, 

11 

I 1 

NONE 

10 

1 2 

NONE 

13 

1 3 

NONE 

1A, 

12 

1A 

NONE 

13. 

6 A , 65 

1 5 

NONE 

15, 

19 

15 

NONE 

15, 

17 

Table  5.8.1  -o 
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1 


ABSTRACT  OE  PREDICTED  OBSERVATION 
COKR  EL  AT  I ON  (CONTINUED) 

COLUMN  column  column 

A B C 

**  *#*#**#####  $ * $ * # :»  * jj:**##*:*#**:*#*!#**###*: 


17 

NONE 

16 

IB 

NONF 

NONE 

19 

NONE 

15 

20 

NONE 

24 

21 

NONE 

NONE 

2? 

NONE 

23 

23 

NONE 

22 

24 

NONE 

20 

25 

NONE 

NONE 

26 

NONE 

NONE 

27 

NONF 

NONE 

2 R 

NONE 

29 

29 

NONE 

30 » 28 

30 

NOME 

29,  32 

31 

NONE 

NONE 

32 

NONF 

30 

33 

NONE 

35 

34 

NONE 

NONE 

35 

NONE 

33 

Table  5.8.1  -o(  Continued) 
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ABSTRACT  Of-  PR  T IM C TED  ORSEKVAIIUN 
CORRELATION  (CONTINUEO) 


COLUMN 

COLUMN 

COLUMN 

A 

B 

c 

$ * * 

St  # # *t  * *5  * 

❖ It  *=  St 

36 

NONE 

NONE 

3 7 

Nf)NF 

NONE 

3 8 

NONE 

NONE 

39 

40, 

43 

41  , 

42, 

44, 

48, 

48, 

49, 

50, 

51  , 

84, 

55, 

56, 

57 

40 

39, 

41 

43, 

44, 

45 , 

46  , 

49, 

52, 

42, 

50, 

84, 

58, 

56, 

57 

41 

40, 

43, 

48, 

46 

39, 

44, 

47, 

48, 

82, 

53, 

56, 

42. 

88, 

57 

42 

43 

39, 

40, 

41  , 

44, 

47, 

48, 

51, 

82, 

88, 

56 

43 

39. 

41  , 

42, 

44, 

48,  46 

40, 

47,. 

48, 

49, 

83, 

56, 

50, 

54 , 

44 

43, 

48 

39, 

40, 

41  , 

46, 

49, 

51  , 

82, 

83, 

84, 

56, 

5 7 

48 

41, 

43, 

44, 

46 , 

48,  49, 

82 

39, 

40, 

47, 

50, 

8 3 

58, 

56, 

87, 

42 

46 

41  , 

4 3, 

48, 

4> 

00 

-• 

81.  82, 

83 

39, 

40, 

46, 

47. 

86 

58, 

87, 

42 

6 7 

48, 

49 

40, 

41  , 

43, 

44, 

52, 

53, 

55, 

86, 

50, 

51  , 

54 , 

5 7 

48 

48, 

46  , 

47, 

49, 

80,  81, 

82 

40, 

41, 

43, 

44, 

83, 

86 

57, 

39, 

42 

Table  5.8.1-o  (Continued) 


#*#*$$** 


46 , A 7 * 
52,  83, 


47,  48, 

81,  83, 


49,  81, 
80,  84, 


48,  46 , 

83,  84, 


81,  82, 
88,  87 

47,  48, 

42,  80, 


81,  84, 


80,  84, 


48,  46, 
39,  42, 


86,  88, 
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COLUMN  COLUMN  COLUMN 


A 8 C 

*****  *************************  ************************* 


49 

45, 

46, 

47, 

48, 

51, 

52, 

53 

40, 

41  , 

43, 

44, 

50, 

55, 

54, 

56 

57, 

39, 

42 

80 

48, 

52 

55, 

46, 

49, 

51  , 

53, 

54, 

45, 

56, 

57, 

39, 

40, 

41, 

43, 

44, 

47 

51 

46, 

48, 

49, 

52, 

53, 

54, 

56 

41  , 

43, 

44, 

45, 

50, 

55, 

57, 

39, 

40, 

42, 

47 

5? 

45, 

46, 

48, 

49, 

50, 

51, 

53 

40, 

41  , 

43, 

44, 

47, 

39, 

54, 

55, 

56, 

57 

42 

53 

45, 

46, 

48, 

49, 

51, 

52, 

54 

41, 

43, 

44, 

47, 

50, 

39, 

55, 

56, 

57 

40, 

42 

54 

49, 

51, 

52, 

53, 

55, 

56, 

57 

45, 

46  , 

48, 

50, 

39, 

40, 

41, 

42, 

43, 

44, 

47 

55 

52, 

53, 

54, 

56, 

57 

45, 

46, 

47, 

48, 

49, 

50, 

51, 

39, 

40, 

41, 

42, 

43, 

44 

56 

46, 

48, 

49, 

51, 

52, 

53, 

54 

41, 

43,. 

45, 

47, 

50, 

39, 

55, 

57 

40, 

42, 

44 

57 

52, 

53, 

54, 

55, 

56 

45, 

46, 

48, 

49, 

50, 

51 

39, 

40, 

41  , 

43, 

44, 

47 

58 

NONE 

59, 

62 

59 

NONE 

58 

60 

NONE 

9 

61 

NONE 

62 

6? 

NONE 

58, 

61  , 

63 

63 

NONE 

62 

64 

65 

14 

Table  5. 8.1-0  (Continued) 


ABSTRACT  OF  PREDICTED  OBSERVATION 
CORRELATION  (CONTINUED) 


COLUMN 

A 


COLUMN 

B 


COLUMN 

r 


*<!*«**:»* 

# * * =>  $ « # it 

6S 

64 

14 

6 6 

NONE 

67 

67 

NONF 

66 

6« 

NONE 

NONE 

60 

NONE 

NONE 

70 

NONF 

71 

71 

NONE 

70,  72 

72 

NONE 

71,  73, 

73 

NONE 

72 

74 

NONE 

NONE 

76 

NONE 

NONE 

76 

NONE 

72 

76 


Table  5.8.1*o  (Continued) 


SELECTION  OF  OBSERVATIONS  FOR  THE  EURMA1  I ON  OE  THE  V/C 
MATRIX  FOR  ROSITIONAL  PARAMETERS 

EXPLANATION  OF  THE  ENTRIES  IN  THE  'SELECTION'  COLOMN 
I - INDICATES  A SELECTION  (INITIAL  FORMATION) 

A - INDICATES  AN  ADDITION.  THE  NUMBER  FOLLOWING 
IS  THE  ITERATION  IN  WHICH  THIS  OBSERVATION 
WAS  ADDED 

KEPT  - INDICATES  THAT  THIS  OBSERVATION  WAS 
1NCLOOEO  TO  INSURE  THAT  AT  LEAST  TWO 
DIRECTIONS  WERE  OBSERVED  AT  EACH  STATIUN 
.J  - WHERE  J IS  A NUMBER  FROM  1 TO  9 INDICATES 
THAT  THIS  OBSERVATION  WAS  CORRELATED  TO 
ANOTHER  SELECTED  OBSERVATION  WITH  A 
COEFFICIENT  OF  .J 

OBSERVATION  OBSERVAIION 

number  selection  number  selection 


1 

I 

21 

I 

2 

I 

22 

I 

3 

I 

23 

.ft 

A 

I 

24 

.6 

5 

I 

25 

I 

ft 

.6 

26 

I 

7 

I 

27 

I 

R 

I 

28 

I 

9 

I 

29 

.6 

10 

.6 

30 

I 

11 

I 

31 

I 

12 

I 

32 

.6 

A 2 

13 

.6 

33 

I 

14 

.ft 

34 

I 

15 

I 

35 

.ft 

A 2 

1ft 

.ft 

3ft 

I 

17 

I 

37 

I 

IB 

I 

38 

I 

19 

.ft 

39 

.6 

20 

I 

40 

. 7 
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SFIFCTIDN  OF  OBSERVATIONS  FOR  THE  FORMATION  OF  THE  V/C 
MATRIX  FOR  POSITIONAL  PARAMETERS 
( CONT 1 NOE  0 ) 


OBSERVATION 

OBSERVATION 

NUMBER 

SELECT  ION 

NUMBER 

SELECT  I ON 

41 

. 7 

61 

.6 

A 1 

42 

.6 

62 

I 

43 

. 7 

63 

. 6 

44 

.7 

64 

.6 

46 

. 8 

65 

I 

46 

.8 

66 

I 

47 

. a 

67 

.6 

4ft 

I 

68 

I 

49 

. 8 

69 

I 

50 

.ft 

70 

I 

51 

.8 

71 

.6 

52 

.ft 

72 

I 

53 

. 8 

73 

.6 

54 

.7 

74 

I 

55 

. 7 

75 

I 

56 

.a 

76 

. 6 

A 1 

57 

. 7 

5 R 

.6 

59 

I 

60 

.6 

Table  5 . 8 . 1 -7  (Continued) 
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STATION  VARIANCES 
EUR  THIS  NET 


KEY 

TO  PARAMETER  CODE-  P INDICATES 

the 

VAR  1 ANCE 

IN 

LAI  I TUDE 

L INDICATES 

THE 

VAR ! ANCE 

IN 

LONGI1 UDE 

7 INDICATES 

THE 

V AK I ANCE 

I N 

ST  AT  ION 

UNKNOWN  ( ' Z 

' CORRECTION) 

MITE 

THAT  all  PARAMETER  variances 

ARE 

IN  UNITS 

OE 

ARC 

SECONDS  SQUARED  AND  THE  Her  AD  i NG  'CODE1  INDICATES  PARAMETER 


CODE 


STAT ION 

VAR  I ANCE 

VAR  I ANCE 

VAK  I ANCE 

VAK 1 ANCE 

M)M«ER/CODE 

INITIAL 

I ITERATION  2 

IT  ER  AT  It  IN 
( E INAL ) 

MINI  MUM 

cunstka INT 

I 

P 

H. 76D-07 

8. 380-07 

8.850-07 

1.000-10* 

L 

7.340-06 

7.600-06 

7.680-06 

1 .000-10* 

Z 

4. 150-01 

4. 070-01 

4.070-01 

4.090-01 

2 

P 

2.83D-06 

2.200-06 

2.260-06 

3.070-06 

L 

8. 080-06 

8. 400-06 

8.470-06 

2.080-06 

7 

4 . 980—0 1 

4. 800-01 

4.800-01 

4.820-01 

3 

P 

1 . 090-06 

9. 320-07 

9.910-07 

1 . 680-06 

L 

1. 930-06 

2.  130-06 

2. 160-06 

3.000-06 

Z 

3. 270-01 

3. 270-01 

3.270-01 

3.290-01 

4 

P 

5.370-07 

6.080-07 

6.090-07 

1.230-06 

L 

8.650-07 

9.71 0-07 

9.9AU-07 

4. 730-06 

Z 

2.98D-01 

2.960-01 

2.960-01 

2.980-01 

5 

P 

1 . 430-07 

1 . 570-07 

1 .370-07 

1 .230-06 

L 

3. 190-07 

3. I 70-07 

3. 160-07 

8.620-06 

Z 

3.250-01 

3.250-01 

3.250-01 

3.260-01 

6 

P 

4.050-07 

3.800-07 

3.760-07 

1 . 730-06 

L 

4. 090-07 

3. 650-07 

3.360-07 

9.970-06 

Z 

3. 290-01 

3.270-01 

3.230-01 

3.260-01 

7 

P 

8.230-07 

9.020-07 

8.740-07 

1 . 820-06 

L 

1.290-06 

l. 140-06 

1.100-06 

1.380-05 

Z 

3. 250-01 

3. 1 90-01 

3.  140-01 

3. 130-01 

H 

P 

9.120-07 

9 . 660-07 

9.000-07 

2.010-06 

L 

6. 730-06 

6. 080-06 

6.000-06 

2.560-05 

Z 

4. 280-01 

4. 140-01 

3.960-01 

3.970-01 

9 

P 

3. 630-06 

2. 580-06 

1.220-06 

2.830-06 

L 

4.720-06 

3.970-06 

3.810-06 

2.100-05 

Z 

6.280-01 

3. 170-01 

4.  120-01 

4. 130-01 

( 

NOTE  THAT  INDICATES  a weight 

Table  5.8.1- 

CONSTRAINED  PARAME(ER) 

8 

THE  VARIANCE  UF  THE  ESTIMABLES  FOR  THIS 
SFLFCTION  f)F  OBSERVATIONS 


TYPE 

KEY- 

A INDICATES 

AN  AZIMUTH 

(UNITS  FOR 

variance  ARE 

ARC  SECONDS 

SUUARtO) 

S INDICATES 

A DISTANCE 

(UNITS  FOR 

VARIANCE  ARE 

METERS  SUUARED) 

F ST IMABLE 

VAR  I ANCE 

VAR  I ANCE 

VARIANCE 

VAR  I ANCE 

NUMBPR/TYPE 

INITIAL  1 

I TER’AT  ION 

2 ITERATION 

MINI  MUM 

(FINAL) 

CUVSTRA I NT 

1 

A 

A. 920-01# 

A. A 70-01 

4.470-01 

4.470-01 

2 

A 

3.960-01 

3. 950-01 

3.950-01 

3.950-01 

3 

A 

3.690-01 

3.610-01 

3.610-01 

3.610-01 

4 

A 

A. 290-01 

A. 260-01 

4.260-01 

4.  260-01 

5 

A 

3.530-01 

3. A00-01 

3.400-01 

3.400-01 

6 

A 

3.270-01 

3. 250-01 

3.250-01 

3.250-01 

7 

A 

3.550-01 

3. 550-01 

3.540-01 

3.540-01 

B 

A 

2.9A0-01 

2. 9 A 0-01 

2.940-01 

2.940-01 

9 

A 

2.620-01 

2.620-01 

2.610-01 

2.610-01 

10 

A 

2.030-01 

2. 030-01 

2.030-01 

2.020-01 

1 1 

A 

2.300-01 

2. 770-01 

2.760-01 

2.760-01 

12 

A 

3. *20-01 

3. A20-01 

3.410-01 

3.410-01 

13 

A 

3.570-01 

3.560-01 

3.580-01 

3.550-01 

14 

A 

2.950-01 

2. 940-01 

2.940-01 

2.940-01 

1 5 

A 

3. A50-01 

3.360-01 

3.350-01 

3. 350-01 

16 

A 

A. 900-01# 

A. 230-01 

3.940-01 

3.940-01 

17 

A 

3. 880-01 

3.680-01 

3.640-01 

3 . 640—0 1 

18 

A 

6.530-01# 

A. 970-01# 

3.560-01 

3. 560-01 

19 

A 

f . 360—01# 

6. 190-01# 

4.270-01 

4.270-01 

20 

S 

1.280-03 

1. 180-03 

1 . 150-03 

1. 150-03 

21 

s 

6 . 690— OA 

5. 790-04 

5.780-04 

5.780-04 

22 

s 

1 . 280-03 

1.270-03 

1.270-03 

1.270-03 

23 

s 

1.270-03 

5.490-04 

5.490-04 

5.490-04 

24 

s 

1.200-03 

9. 220-04 

9.200-04 

9.200-04 

2b 

s 

5.820-03 

5. 750-0A 

8.720-04 

5.720-04 

2b 

s 

6. 99D-0A 

6. hoo-oa 

6.800-04 

6.800-04 

27 

s 

9.71 0—0 A 

9 . 5 2D— 04 

9.510-04 

9.510-04 

28 

s 

A. 020-OA 

A. 02D-0A 

4.010-04 

4.010-04 

29 

s 

5. 100-0A 

5 . 060— OA 

5. 050-04 

5.050-04 

30 

s 

6. 080-0A 

6. 070-0 A 

6. 060-04 

6 . 06  0- 04 

( NOTE  1 H AT  •'#"  INDICATES  ESTIMABLE  FAILS  USFK  REUUlKEMENT ) 

Table  5. 8. 1-8  (Continued) 
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F 


THfc  VAR  I ANCE  OF  THF  E S T IMA8LFS  FOR  THIS 
SELECTION  OF  OBSERVATIONS 
( CONTINUED ) 


FST IMABLE 

VAR  I ANCE 

VAR  I ANCF 

VAR  I ANCE 

VAR  I ANCE 

umber/type 

initial 

l ITERATION 

2 ITERATION 
( F INAL  ) 

MINI  MUM 
CONSTRAINT 

31 

S 

3.  190-04 

3.  13D-04 

3.130-04 

3. 130-04 

32 

s 

3 . 540-04 

3. 470-04 

3.420-04 

3.420-04 

33 

s 

4. 13D-04 

3.  83D-04 

3. 760-04 

3. 760-04 

34 

s 

6. 860-04 

5. 750-04 

5. 650-04 

5.650-04 

35 

s 

3. 2 3D- 03 

2.  23D-03 

9. 620-04 

9.620-04 

36 

s 

5.04D-04 

5.030-04 

4.860-04 

4. 860-04 

37 

s 

6.01D-04 

5. 930-04 

4.670-04 

4 . 670—04 

38 

s 

2. 10D-03 

7. 1 ID-04 

4.800-04 

4.800-04 

(NOTE  THAT  INDICATES  ESTIMABLE  FAILS  USER  REQUIREMENT! 
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Observations  Required  in  the  design  of  example  5-1  (ITERATION)  +<p 

A 


NETWORK  T3 


SYMBOL  KE  Y 


+X 


<3 — 1 


J 

r\  - ^ a direction  from 

^ V'  i to  j 


Stations  «Q)  joined  by  solid  lines  indicate  that  they  are  .ntervisible 


Figure  5. 8, 1-2 


DESCRIPTION  OE  THE  OBSERVATIONS 

KEY  - 0 INDICATES  A DIRECTION 

(UNITS  FOR  VARIANCE  ARE  ARC  SECONDS  SQUARED) 

A INDICATES  AN  AZIMUTH 

(UNITS  FOR  VARIANCE  ARE  ARC  SECONDS  SQUARED) 
S INDICATES  A DISTANCE 

(UNITS  EUR  VARIANCE  ARE  METERS  SQUARED) 


OBSERVATION 

TYRE 

A PRIORI 

FROM 

TO 

NUMBER 

VAR  I ANCE 

STATION 

STATION 

1 

0 

0.  320 

1 

2 

2 

0 

0.  320 

1 

5 

3 

f) 

0.  320 

1 

6 

A 

D 

0.  320 

2 

1 

5 

1) 

0.  320 

2 

3 

6 

0 

0.  320 

2 

4 

7 

0 

0.  320 

2 

ft 

R 

D 

0.  320 

2 

ft 

9 

D 

0.  320 

3 

2 

10 

1) 

0.  320 

3 

4 

1 1 

D 

0.  320 

3 

6 

12 

D 

0.320 

2 

4 

13 

D 

0.  320 

4 

3 

14 

D 

0.  320 

4 

ft 

IS 

0 

0.320 

ft 

1 

1 ft 

D 

0.320 

ft 

2 

17 

D 

0.  320 

ft 

6 

1R 

D 

0.320 

ft 

1 

19 

D 

0.  320 

ft 

2 

20 

D 

0.320 

ft 

3 

21 

D 

0.  320 

ft 

4 

22 

D 

0.320 

ft 

ft 

23 

S 

0. 37ftX10**-2 

1 

2 

24 

S 

0.  340X10 **-2 

1 

ft 

2ft 

S 

0. 482X 1 0**-2 

1 

6 

2ft 

S 

0. 718X 10** -3 

2 

3 

27 

S 

0.ftlftX10**~3 

2 

4 

28 

S 

0. 275X10**-2 

2 

ft 

29 

S 

0. 127X10 *#-2 

2 

ft 

30 

S 

0.ft49Xl0**-3 

3 

4 

31 

S 

0. 800X I0**-3 

3 

ft 

3? 

s 

0.  790X  1 ()**  -3 

4 

ft 

33 

s 

0.  182X1 0*^-2 

Table  5. 8. 2-1 
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DESCRIPTION  (IF  THE  EST  I M ABL  E S IN  THIS  TEST 


KFY  - 

A INDICATES 

AN  AZ  IMUTH 

(UNITS  FOR 

VARIANCE  ARE 

ARC 

SECONDS 

SQUARED) 

S INDICATES 

A DISTANCE 

(UNITS  FOR 

VARIANCE  ARE 

METERS  SQUARED) 

G INDICATES 

AN  ANGLE 

(UNITS  FOR 

VARIANCE  ARE 

ARC 

SECONDS 

SQUARED) 

ESTIMABLE  type 

TARGET 

AT 

FROM 

TO 

NUMBER 

VARIANCE 

STATION  STATION  STATION 

1 

G 

0.89 

1 

2 

S 

2 

G 

0.89 

1 

2 

6 

3 

G 

0.  89 

2 

1 

3 

4 

G 

0.89 

2 

1 

4 

S 

G 

0.  89 

2 

1 

s 

6 

G 

0.89 

2 

1 

b 

7 

G 

0.  89 

3 

2 

4 

B 

G 

0.89 

3 

2 

b 

9 

G 

0.  89 

4 

2 

3 

10 

G 

0.  89 

4 

2 

b 

11 

G 

0.  89 

5 

1 

2 

1? 

G 

0.  89 

5 

1 

6 

13 

G 

0.  89 

6 

I 

2 

14 

G 

0.89 

6 

1 

3 

IS 

G 

0.  89 

6 

1 

4 

1 b 

G 

0.89 

6 

1 

S 

Tabl e 5 . 8 . 2 ~ i 
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DESCRIPTION  OF  THE  FST IMABLES  IN  THIS  TEST 
( CONTINUED) 


estimable  numrfr 

TYPE 

TARGET  VARIANCE 

FROM 

TO 

17 

S 

0.88X1 0*^-2 

1 

2 

IB 

S 

0. 79X10**-2 

1 

5 

19 

S 

0.  12X 10**-1 

1 

6 

20 

S 

0.  17X10**-2 

2 

3 

21 

S 

0.  14X10**-2 

2 

4 

22 

S 

0.64X10**-2 

2 

b 

23 

S 

0. 30X 1 0*#-2 

2 

6 

24 

S 

0.  1 3X10**-2 

3 

4 

23 

S 

0. 19X10**~2 

3 

fe 

23 

S 

0.  18X10**-2 

4 

6 

27 

S 

0.42X 10**-2 

5 

6 

Table  5. 8. 2-2  (Continued) 
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ABSTRACT  OF  PREDICTED  OBSERVATION 
COKRELAT ION 

fxplanation  of  table-  column  a is  the  observation 

BEING  CONS  I D6RFO 

COLUMN  B ARE  THE  OTHER  OBSERVATIONS 
WITH  WHICH  THE  COLUMN  A OBSERVATION 
IS  CORRELATED  WITH  COEFFICIENTS 
OF  BETWEEN  1.  AND  .80 

column  c are  the  other  observations 

WITH  WHICH  THE  COLUMN  A OBSERVATION 
IS  CORRELATED  WITH  COEFFICIENTS 
OF  BETWEEN  .79  AND  .bb 


cm  OMN  COLUMN  COLUMN 


A 

* ***  * 

£ ❖ # 

B 

* * * * * ******  * * * $ * * ^ * * * if 

C 

* if  if  if  if  if  * if  if  if  * * * 

************ 

1 

2, 

3 

11,  20 

2 

1 , 

3 

8,  1^,  19, 

21 

3 

1 , 

2 

8,  19 

4 

6, 

H , b , 7 

11,  20 

S 

8 t 

7,  8,  4 

9,  12,  14, 

19,  21 

6 

4, 

b,  7,  8,  12 

9,  10,  11, 

20,  21 

13,  14,  19, 

7 

b, 

8 , 8,  4 

11,  16,  17, 

20,  22 

R 

4 , 

b,  6,  7,  14,  19,  21 

2,  3,  9 
18,  20 

, 11 , 12,  lb 

9 

1 1 , 

10 

b,  6,  H,  12 

, 14,  19,  21 

10 

9, 

11,  13 

6,  12 

1 1 

9, 

10,  20 

1 , 4 , fo  , / , 

16,  19,  21, 

8,  12,  14, 

2 -S 

1 2 

13, 

14,  6 

b , 8 , 9 , 10 

20,  21 

, 11,  19, 

13 

12, 

10,  14 

6 

14 

12, 

8,  13,  19,  21 

2,  b,  6,  9, 

11,  lb,  20 

Table  5. 8. z-3 


ABSTRACT  OE  PREDICTED  OBSER VAT  I ON 
CORRELATION  (CONTINUED) 

COLUMN  COLUMN  COLUMN 

A B C 

*****  *************************  ************************* 


15 

NONE 

8,  16,  16,  17,  19,  21 

16 

1 7 

7,  11,  15,  20,  22 

1 7 

16 

7,  15,  22,  23 

IB 

19, 

20, 

21 

8,  22 

19 

18, 

20, 

21, 

8,  16 

2,  3,  5,  6,  9,  11,  12, 

15,  22 

20 

18, 

19, 

21, 

1 1 

1,  6,  6,  8,  12,  16,  16 

22,  23 

21 

1«, 

19, 

20, 

8,  16 

2,  5,  6,  9,  11,  12,  15 

22 

NONE 

7,  16,  19,  20,  23 

2 3 

25 

11,  17,  20,  22,  30 

26 

31 

NONE 

26 

23, 

26, 

30 

33 

26 

25, 

27, 

28, 

30 

29 

2 7 

33, 

26 

29 

28 

29, 

31, 

26, 

32 

30,  33 

29 

28, 

33, 

31 

26,  27,  32 

30 

33, 

25, 

26 

23,  28 

31 

28, 

33, 

26, 

32 

NONE 

32 

28, 

31 

29 

33 

26, 

29, 

30, 

31,  27 

25,  28 

Table  5. 8. 2- 3 (Continued) 
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SFIFCTION  OF  OBSERVATIONS  FOR  THE  FORMATION  OF  ThF  V/C 
MATRIX  FOR  POSITIONAL  PARAMETERS 


EXPLANATION  OF  The  ENTRIES  IN  THE  'SELECTION*  CULOMN 
I - INDICATES  A SELECTION  (INITIAL  FORMATION) 

A - INDICATFS  AN  ADDITION.  THE  NUMBER  FOLLOWING 
IS  THE  ITERATION  IN  WHICH  THIS  OBSERVATION 
WAS  ADDED 

KEPT  - INDICATES  THAT  THIS  OBSERVATION  WAS 
INCLUDED  TO  INSURE  THAT  AT  LEAST  TWO 
DIRECTIONS  WERE  OBSERVED  AT  EACH  STAIIUN 
.J  - WHERE  J IS  A NUMBER  FROM  l TO  V INDICATES 
THAT  THIS  OBSERVATION  WAS  CORRELATED  TO 
ANOTHER  SELECTED  OBSERVATION  WITH  A 
COEFFICIENT  OF  .J 


OBSERVATION 

0BSERVA1 ION 

number 

SELECTION 

number 

SELECTION 

1 

I 

21  .8 

A 1 

2 . 8 

A2 

22 

I 

3 KEPT 

23 

I 

A 

I 

24 

I 

5 .7 

A 1 

25  .8 

6 . H 

A 1 

26 

I 

7 KEPT 

27  .7 

8 . 8 

A2 

28  .8 

A3 

9 

I 

29 

I 

10  KEPT 

30 

I 

II  .8 

31  .7 

12 

r 

32 

I 

13  .8 

33  1. 

14  KEPT 

IS 

I 

16 

I 

17  .8 

A 1 

18 

I 

19  .8 

A 1 

20  .8 

Tabl  e 
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I 


STATION  VARIANCES 
FUR  THIS  Mb  T 


r 


t 


KEY  TO  PARAMETER  CODE-  P 

INDICATES 

THE 

VAR1 AnCE 

IN 

LAT  ITUOE 

! L 

INDICATES 

THE 

VAR  I ANCh 

IN 

LUNG  I 'HIDE 

1 Z 

INDICATES 

THE 

VAR I ANCE 

IN 

STATION 

UNKNOWN  ( • Z * CORRECTION) 


NOT F THAT  ALL  PARAMETER  VARIANCES  ARE  IN  UNITS  Ub  ARC 
SECONDS  SQUARED  AND  THE  HEADING  'CODE'  INDICATES  EAR A METER 

CODE 


STA1 ION 

VAR  I ANCE 

VAR  I ANCE 

VAR  I ANCE 

VAR  I ANCE 

NUMHFR/CODF 

INITIAL 

HERAT  I UN  1 

ITERATION  2 

I 1 E K A f I UN 
(FINAL) 

1 

P 

2. 170-05 

3.0  ZD-06 

2.770-06 

2.A9D-06 

L 

1 . 980-03 

A.  370-06 

A.33U-06 

A. 060-06 

Z 

•>.22D-01 

1 . 980-01 

1. 400-01 

1 . 380-01 

2 

P 

1.9 AD- 06 

2.  570-07 

2.510-07 

2. 250-07 

L 

2.6A0-06 

1 .620-07 

1.600-07 

1.600-07 

Z 

•>.930-01 

8.210-02 

6.300-02 

6.310-02 

3 

P 

1 . 16D-06 

2.950-07 

2.H6O-07 

2.830-07 

L 

A. AID-07 

3.  570-07 

3. 350-07 

3.520-07 

Z 

3. 130+00 

A.  fi 10-01 

A. 800-01 

A. 800-01 

A 

P 

7.830-07 

2.210-07 

2.220-07 

2. 290-07 

L 

7 . 680-07 

1 .370-07 

1. 370.-07 

1 .330-07 

Z 

2 . A5D+00 

2. 3AD-01 

2. 160-01 

2. 150-01 

5 

P 

A. 030—03 

1.010-05 

5.930-06 

1 .570-06 

L 

7. 020-05 

1.310-05 

8. 120-06 

A. 1 AD-06 

7 

1 . 170+00 

1 . 780-01 

1.520-01 

1 . 380-01 

6 

P 

1 . 320-06 

5. 2AD-07 

A. 560-07 

A. 580-07 

L 

1.290-05 

9. 180-07 

6 . 6 AO— 07 

6.1  AD-07 

Z 

6. 32D-0I 

1. 080-01 

9.620-02 

9. 180-02 

Table  5 . 8 . 2 - 5 
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THE  VARIANCE  IIP  T HP  ESTIMABLPS  FUR  THIS 
SELECTION  OF  UBSERVAT  I UNS 


TYPE  KEY-  G INDICATES  AN  ANGLE 

(UNITS  FOR  VARIANCE  ARP  ARC  SECONDS  SOUARPD) 
S INDICATES  A DISTANCE 

(UNITS  PUR  VARIANCE  ARP  METERS  SOUARPD) 


PST IMABLE 

VAR  I ANCE 

VAR  I ANCE 

VAR  I ANCE 

VAR  I AMCP 

UMRER/TYPF 

INITIAL 

ITERATION  1 

ITERATION  2 

ITERATION  3 
( PINAL ) 

1 

G 

l . 250+00* 

3. 990-01 

2.210-01 

7.910-02 

2 

G 

1 . 87D-01 

2. 300-02 

2.090-02 

2.090-02 

3 

G 

5. 850+00# 

3. 850-01 

3. 790-01 

3. 720-01 

8 

G 

5. 270+00* 

2.830-01 

2. 780-01 

f\J 

• 

■£> 

T 
o 
*— * 

5 

G 

6. 35U-01 

2.220-01 

1 .660-01 

1. 130-01 

6 

G 

5.050+00* 

2.270-01 

1.960-01 

1.980-01 

7 

G 

5. 19D-01 

5. 090-01 

5.050-01 

5.010-01 

8 

G 

1.86D+00* 

6.980-01 

5.990-01 

5.930-01 

9 

G 

1. 130+00* 

8. 220-01 

7.960-01 

7.980-01 

l n 

G 

8 . 330-01 

3.810-01 

3.880-01 

3.830-01 

1 1 

G 

6, 060-01 

1. 760-01 

1.810-01 

1 . 190-01 

12 

G 

1 . 8 30+00# 

5.850-01 

3.550-01 

2.000-01 

1 3 

G 

3.870+00* 

1.520-01 

1 . 380-01 

1 . 330-01 

19 

G 

3. 680+00* 

3.520-01 

3.080-01 

3.080-01 

15 

G 

3. 590+00* 

2.510-01 

2.090-01 

2.080-01 

IB 

G 

5. 190-01* 

1.280-01 

1.260-01 

1 . 260-01 

17 

S 

I . 680-02* 

2.900-03 

2.880-03 

2.620-03 

18 

S 

3.310-03 

2.580-03 

2.850-03 

2.850-03 

1 9 

S 

2. 920-02* 

3. 360-03 

3. 1 50-03 

2.92  0- 0 3 

20 

S 

6. 290-09 

5. 160-08 

5. 1 80-08 

5. 1 10-08 

21 

S 

8.930-08 

6. 820-08 

6.380-08 

6. 280-08 

22 

s 

5.920-02* 

1 . 880-02* 

8.310-03* 

2.0  Ui-03 

23 

s 

7.2  70-08 

7.010-08 

6.900-08 

6.620-08 

29 

s 

5. 890-08 

3.610-08 

3.890-08 

3.890-08 

25 

s 

2.080-03 

1 . 260-03 

1. 180-03 

1 . 1 30-03 

26 

s 

5.880-08 

5.780-08 

5.710-08 

5.650-08 

27 

s 

1.010-01* 

1 . 880-02* 

l . 060-02* 

3. 710-03 

( NOT  E 

THA  r 

"*"  INDICATES  ESTIMABLE 

FAILS  USER 

RE 00 I REMENT ) 

Table  5. 8.  2 "5  (Continued) 
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station  variances 

FUR  THIS  NET 


KFY  TO  PARAMETER  CODE-  P INDICATES  THE  VARIANCE  IN  LATITUDE 

L INDICATES  THE  VARIANCE  IN  LONGITUDE 
Z INDICATES  THE  VARIANCE  IN  STATION 
UNKNOWN  ( • Z • CORRECTION) 

NOTE  THAT  ALL  PARAMETER  VARIANCES  ARE  IN  UNITS  OF  ARC 
SECONDS  SQUARED  AND  THE  HEADING  'CODE'  INDICATES  PARAMETER 

CODE 


STATION 

VAR  I ANCE 

VAR  I ANCE 

NUMBER /CODE 

MINIMUM 

CONSTRAINT 

OVER 

CONST  R A I NT 

1 

P 

1.000- 10* 

1.000-10* 

L 

1. 000-10* 

1 . 000-10* 

7 

£- 

1. 170-01 

1 . 340-01 

2 

p 

1 .OOD-IO* 

2.670-06 

L 

4.680-06 

4.630-06 

Z 

1.660-01 

2. 050-01 

3 

P 

9.560-07 

4.60D-06 

L 

4.900-06 

4. 32D-06 

Z 

6. 680-01 

7. 14D-01 

4 

P 

6.310-07 

3.36D-06 

L 

4. 630-06 

3.86D-06 

Z 

3.600-01 

4. 060-01 

5 

P 

1.680-06 

1. 000-10* 

L 

6. 380-06 

1 .000-10* 

Z 

1 . 800-01 

1.650-01 

ft 

P 

1.030-06 

4.500-06 

L 

5.280-06 

3.900-06 

Z 

1.760-01 

2.270-01 

< NOTE  THAT  »*•'  INDICATES  A WEIGHT  CONSTRAINED  PARAMETER) 
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THE  VARIANCE  (IE  THE  ESTIMABLES  EUR  THIS 
SELECTION  OF  OBSERVATIONS 


TYPE  KFY-  G INDICATES  AN  ANGLE 

(UNITS  EOR  VARIANCE  ARE  ARC  SECONDS  SQUARED ) 
S INDICATES  A DISTANCE 

(UNITS  EUR  VARIANCE  ARE  METERS  SQUARED) 


EST IMABLE 

VAR  I ANCE 

VAR  1 ANCE 

IIMRFR/TYPE 

MINI  MUM 

OVER 

CONSTRAINT 

CONSTRAINT 

l 

G 

7.910-02 

6.240-02 

2 

G 

2.09D-02 

1.840-02 

3 

G 

3. 72D-01 

3.520-01 

4 

G 

2.74D-01 

2.510-01 

5 

G 

1 . 13D-01 

5.590-02 

6 

G 

1.94D-01 

1 .690-01 

7 

G 

5. 01D-01 

5.010-01 

8 

G 

5. 930-01 

5.920-01 

9 

G 

7.940-01 

7.940-01 

in 

G 

3.43D-01 

• 

T 

e 

R— ' 

1 1 

G 

I . 190-01 

1.070-01 

12 

G 

2.00D-01 

1.860-01 

13 

G 

1 . 330-01 

1.210-01 

19 

G 

3. 08D-01 

2.930-01 

15 

G 

2. 080 -01 

1.96D-01 

16 

G 

1.260-01 

8.740-02 

1 7 

S 

2.620-03 

2.360-03 

18 

S 

2.450-03 

1.440-07 

19 

S 

2.920-03 

2. 160-03 

20 

S 

5. 1 10-04 

5. 110-04 

21 

S 

6.280-04 

6.280-04 

22 

S 

2.070-03 

2.070-03 

2 3 

S 

6. 620-04 

6.600-04 

29 

S 

3.490-04 

3.490-04 

25 

S 

1. 130-03 

1.  13D-03 

26 

s 

5.650-04 

5.640-04 

27 

s 

3.710-03 

3.660-03 

Table  5.8.2-b  (Continued) 
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DESCRIPTION  OF  (HE  OBSERVATIONS 


i 


I 


I ; 


! 


KFV  - n INDICATES  A DIRECTION 
(UNITS  FOR  VARIANCE  ARF 

ARC 

SECONDS 

SQUARED) 

A INDICATES  AN  AZIMUTH 
(UNITS  FOR  VARIANCE  ARF 

ARC 

SECONDS 

SQUARED) 

S INDICATES  A DISTANCE 
(UNITS  FUR  VARIANCE  ARE 

METERS  SQUARED) 

OBSERVATION 

NUMBER 

TYRE 

A PRIORI 
VARIANCE 

FROM 
ST AT  I UN 

l 

0 

0.  I HO 

1 

2 

D 

0.  160 

1 

3 

D 

0.  160 

1 

A 

D 

0.  160 

2 

5 

D 

0.  160 

2 

6 

D 

0.160 

2 

7 

D 

0.  1 60 

3 

H 

D 

0.  160 

3 

9 

D 

0.  160 

3 

10 

D 

0.  160 

3 

1 1 

D 

0.  160 

3 

1 2 

D 

0.  160 

A 

1 3 

D 

0.  160 

A 

1 A 

D 

0.160 

A 

IS 

D 

0.  160 

A 

16 

0 

0.  160 

A 

17 

D 

0.  160 

A 

18 

D 

0.  160 

* > 

18 

D 

0.  160 

6 

20 

D 

0.  160 

6 

21 

D 

0.  160 

6 

22 

D 

0.  160 

6 

23 

1) 

0.  160 

6 

2A 

D 

0.  160 

6 

26 

1) 

0.  160 

6 

26 

0 

0.  160 

6 

27 

n 

0.  160 

6 

28 

D 

0.  160 

7 

29 

f) 

0.  160 

7 

30 

D 

0.  160 

7 

31 

D 

0.  160 

7 

32 

D 

0.  160 

7 

33 

f) 

0.  160 

M 

3A 

D 

0.  160 

6 

36 

D 

0.  160 

R 

TU 

S T AT  1 UN 


7 

H 

9 

u 

6 

6 

H 

9 

b 

7 

y 


L 
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-f-u*  oj  "o 


1 

0ESCR1RTI0N  UE  IhE  OBSERVATIONS 

( cunt  I NURD ) 

OBSERVAT ION 

T VRE 

A MR  I OR  I 

FROM 

To 

NUMBER 

VAk I ANCR 

STATION 

STAT  1 1 JM 

_ 

BE 

n 

0.  iso 

9 

37 

D 

0.  ISO 

9 

7 

3B 

1) 

0.  ISO 

9 

8 

39 

s 

0.113X1  0*4=-? 

1 

2 

40 

s 

0. 1 1SX 10**-? 

1 

3 

41 

s 

0.  118X1 0**-? 

1 

4 

4? 

s 

0. 968  X 1 0** -3 

? 

3 

43 

s 

0. 205X1 0**-? 

? 

4 

44 

' s 

0. 1 ??X 10**-2 

5 

4 

4S 

s 

0. 1 09X 1 0**-2 

3 

5 

46 

s 

0.  1 12X10**-? 

3 

6 

47 

s 

0. 8SSX 1 0 * * - 3 

4 

5 

4 B 

s 

0.  137X1 0**-2 

4 

S 

49 

s 

0.  1 17X1 0**-2 

4 

7 

SO 

s 

0.  S29X 10**-3 

5 

S 

51 

s 

0. 83SX 1 0**-3 

*3 

7 

5? 

s 

0.  1 1SX 10**-2 

S 

7 

S3 

s 

0.  1 S8X 1 0**-2 

ft 

8 

S4 

s 

0.954X1 0** -3 

s 

9 

5S 

s 

n.  93  7 X 1 0**-3 

7 

M 

56 

s 

0.  136X1 0**-2 

7 

9 

57 

s 

0.  107X10**  — 2 

B 

9 

Tabl  e 
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THE  DESIGN  OF  SPECIAL  PURPOSE  HORIZONTAL  GEODETIC  CONTROL  NETwO— ETC(U) 
OCT  76  W H SPRINSKY 

UNCLASSIFIED  DMA/TR-76-003  nL 


3 of  3 

A0A03367I 


END 


DATE 

FILMED 

2 -77 


DESCRIPTION  UP  THE  6ST I MABLES  IN  THIS  TEST 


! 

I 


KEY  - 

A INDICATES 

AN  AZIMUTH 

(UNITS  FOR 

VARIANCE  ARE 

ARC 

SECONDS 

SQUARED) 

S INDICATES 

A DISTANCE 

(UNITS  FOR 

VARIANCE  ARE 

METERS  SQUARED) 

G INDICATES 

AN  ANGLE 

(UNITS  FOR 

VARIANCE  ARE 

ARC 

SECONDS 

SQUARED) 

ESTIMABLE  TYPE 

TARGET 

AT 

FROM 

TO 

NUMBER 

VARIANCE 

STATION  STATION  STATION 

I 

G 

0.70 

1 

2 

3 

2 

G 

0.7  0 

1 

2 

4 

3 

G 

0.  70 

2 

1 

3 

4 

G 

0.70 

2 

1 

4 

5 

G 

0.70 

3 

1 

2 

ft 

G 

0.70 

3 

1 

4 

7 

G 

0.  70 

3 

1 

9 

B 

G 

0.  70 

3 

1 

ft 

9 

G 

0.  70 

4 

1 

2 

10 

G 

0.  70 

4 

1 

3 

11 

G 

0.  70 

4 

1 

5 

1 2 

G 

0.70 

4 

1 

6 

13 

G 

0.  70 

4 

1 

7 

14 

G 

0.70 

5 

3 

4 

15 

G 

0.  70 

5 

3 

6 

1ft 

G 

0.  70 

5 

3 

7 

17 

G 

0.  70 

6 

3 

4 

1» 

G 

0.  70 

6 

3 

5 

19 

G 

0.  70 

ft 

3 

7 

20 

G 

0.70 

6 

3 

8 

21 

G 

0.  70 

6 

3 

9 

22 

G 

0.70 

7 

4 

3 

23 

G 

0.  70 

7 

4 

ft 

24 

G 

0.  70 

7 

4 

8 

25 

G 

0.  70 

7 

4 

9 

2ft 

G 

0.70 

B 

6 

7 

27 

G 

0.  70 

8 

6 

9 

2R 

G 

0.  70 

9 

6 

7 

29 

G 

0.  70 

9 

6 

8 

Tab! e 5 . 8 . 3 ~ 2 
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A 


DESCRIPTION  UP  THE  E ST  I MABLES  IN  THIS  TEST 
(CONTINUED) 


ESTIMABLE  NUMBER  TYPE  TARGET  VARIANCE  ERUM  TO 


30 

31 

32 

33 

34 

35 

36 

37 

38 

39 

40 

41 

42 

43 

44 

45 

46 

47 

48 


S 

S 

S 

s 

s 

s 

s 

s 

s 

s 

s 

s 

s 

s 

s 

s 

s 

s 

s 


0. 386X10***2 
0. 393X10***2 
0. 401X 10**-2 
0.320X10***2 
0. 696X 10* #-2 
0.413X10** -2 
0. 372X10**-2 
0.382X10***2 
0. 295X 10**-2 
0.467X10***2 
0. 39HX 10**-2 
0.213X10***2 
0. 284X10***2 
0. 392X10***2 
0.538X10***2 
0.324X10***2 
0. 319X10***2 
0.462X10***2 
0. 365X10***2 


vC  ~c  a 


LOCATION  OF  COEFFICIENTS  IN  THE  V/C  MATRIX  f)F  PARAMETERS 

WHICH  ARb  UNKNOWNS 


EXPLANATION  OF  TAHLF  - SYMBOLS  AT  THb  START  OF  bACH  ROW 

INDICATE  THE  UNKNOWN  PARAMETER  TO  WHICH 
THAT  ROW  AMI)  COLUMN  RFFER 


A ZERO  INDICATES  THAT  THIS  COEFFICIENT 
IS  CONSTRAINED  AT  A VALUE  OF  ZERO  AND 
IS  NOT  AN  ONKNOWN  (DECOUPLED) 


l 


© 


© 


3 4 

5 

A 

7 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

9 10 

11 

12 

13 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

14  15 

16 

17 

1H 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

<3 19 

? 0 

21 

22 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

23 

24 

25 

26 

27 

2H 

26 

0 

0 

0 

0 

0 

0 

© 

30 

31 

32 

33 

34 

35 

0 

0 

0 

0 

0 

0 

© 

36 

3 7 

3H 

39 

40 

41 

42 

0 

0 

0 

0 

© 

43 

44 

46 

46 

47 

4K 

0 

0 

0 

0 

49 

50 

51 

52 

5 3 

0 

0 

0 

0 

© 

54 

55 

56 

57 

0 

0 

0 

0 

® 

5H 

69 

60 

61 

62 

6 3 

64 

0 

65 

66 

6 7 

6H 

69 

70 

© 

71 

72 

73 

74 

76 

© 

76 

77 

78 

7 9 

© HO  Hi  H2 
"Th)  H 3 H4 

@ 
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SOLUTION  FOR  THF  OFF-DIAGONAL  COEFFICIENTS 
IN  THE  V/C  MATRIX  OF  PARAMETERS  (X  ) 

C 

COEFFICIENT  A SOLUTION  B SOLUTION 

NUMBER  VALUE  VALUE 


1 

6.8 1 97784E-07 

5.5205862E-07 

2 

1.25H871 4F-07 

-3.35737246-07 

3 

-1.3621 360E-07 

1. 1381326E-06 

4 

2.403917RE-07 

-4.2621650E-07 

5 

-9. 4843 1 H8E-08 

1.073896RE— 06 

6 

-5. 1276356E-07 

-2.05928  /0F-07 

7 

-6. 4747877E-07 

1.026354 HE- 06 

R 

1.7  224750E-07 

-7.1 3576816-07 

9 

-7. 484928HE-07 

— 2.8325758E— 07 

10 

4. 1 503796E-07 

-1.24978036-06 

11 

-7. 1 270449E-0R 

6.9203^526-09 

12 

-6.8366199F-07 

-7. 85202256-07 

13 

2. 037601 8F-07 

1.06699926-06 

14 

3. 3035182E-08 

1.20110696-06 

15 

2. 5858606E-07 

-1.98434016-07 

16 

-2.4931273E-07 

4.32008166-07 

17 

-1. 5801 709E-07 

-1.34964016-06 

1H 

-1 . OR 0 328 5 E -07 

9.71276686-08 

19 

-4.  4020328E-07 

-7.09823336-07 

20 

5.8768404E-07 

1. 82311676-06 

21 

4.  3356499E-07 

6.59994166-08 

22 

3.90402656—07 

7.83989896-07 

23 

5. 4049030F-07 

-2. 17432906-07 

24 

-2.47010586-07 

—8 . 05 29 662 F— 07 

25 

3. 7243268E-08 

1.75625256-07 

26 

2. 1888013E-07 

4.84656376-07 

27 

-5. 99580296—07 

-1.48081096-07 

2R 

2. 3923326E-07 

5.28457246-07 

29 

-2.0214162E-07 

3.06226876-07 

30 

-3.42805276-07 

-4. 56376096—07 

31 

-3. 7833394E-07 

5.31418666-07 

3? 

-1 .30408986-07 

2.96990896-07 

33 

7.4676257E-07 

6.39792236-0/ 

34 

-3.0616104E-07 

6 . 2605  3M  E-07 

35 

1 . 3098543F-06 

6.84228336-07 

Table  5. 8. 3 -4 


SOLUT  I TIN  FOR  THE  (IEE-0 1 AGONAL  COEFFICIENTS 
(CONTINUED) 


COEFFICIENT 

A SOLUTION 

8 SOLUTION 

NUMBER 

value 

VALUE 

36 

-1 .8880048E-08 

1.12659756-06 

37 

?. 57893536-07 

3. 02739076-07 

38 

3.43031 39E -07 

-1.53419256-08 

39 

-4. 7104578F-07 

6.46707276-07 

40 

2.6426017E-07 

-1 . 28380636-07 

41 

3. 4394H36E-09 

-1.76668906-07 

42 

-3. 9 34 58 07 E -OH 

3.49321 176-07 

43 

9. 4H52095E— 07 

1.68864796-06 

44 

8.9980989F-07 

1.49073646-06 

45 

1. 88655466-07 

1. 4509778E-06 

46 

1.411 07HHE-07 

8.36151236-07 

47 

-9. 20H2644E-08 

6.47356736-07 

48 

1 . 2 49 5? 02 E -06 

7.11041146-07 

49 

-4. 313718 1 E-Oft 

1.09363736-06 

50 

9.2452410E-07 

1.16370306-06 

51 

1.3018973E-07 

2.61901736-07 

52 

6.8964187F-07 

6.79776246-07 

53 

-4. 7659893E-07 

1.18714426-06 

54 

6.2467302F-07 

1.61428676-06 

55 

1 . 4H93732E-07 

1.49766866-06 

56 

-5.7264589E-07 

3.68024306-07 

57 

3. 9378307E-07 

1.43091806-06 

58 

-3.55724816-07 

8.20016796-07 

59 

2.251  8048E-08 

4.06298576-08 

60 

-7. 0313533E-O9 

1.07002146-06 

61 

-3. 746561  IE-08 

-1.44170016-06 

62 

-1.8378591 E-07 

-1.40749  766-07 

63 

-2. 541 3550E-07 

-1.22851276-06 

64 

8. 5632053E-0H 

2.591 79616-07 

65 

-4. 6043522E-07 

-3. 16713346-07 

66 

-2.5175893E-07 

1.58530026-06 

67 

3. 60933036-07 

-9.04337876-08 

68 

1. 55862106-07 

1.44803206-06 

69 

1.3211 786F-07 

1.34828416-06 

70 

1.  15374416-06 

1.70232406-06 

71 

3. 3786830E-07 

1.01963636-06 

72 

-7.7685058F-08 

-1.17284626-06 

73 

9. 89443836-08 

1.20765896-06 

74 

4. 30867716-08 

-5.87491746-07 

75 

1.  1 740065E-07 

-1.48632356-07 

Tabl  e 5.8.3" 

4(Continued) 

SOLUTION  FUR  THE  OFF-OI AGONAL  COEFFICIENTS 
(CONTINUED) 


COEFFIC I ENT 

A SOLUTION 

B SOLUTION 

NUMBER 

VALUE 

value 

76 

-1.07R0332E-07 

-1. 1570319E-07 

77 

1.3845038E-06 

1.666H291E-06 

78 

1.4176237E-07 

1. 1304965E-06 

79 

9.6376255E-08 

8.2483166E-07 

80 

2.2124601E-07 

-5.8635669E-07 

81 

4.  1 227338F-08 

-4.5583874E-07 

8? 

-3.5278703E-07 

-1.7015991E-06 

83 

-1.H619733E-07 

4.4000626E-07 

84 

1.1  131 2 32E-07 

-3.2005482E-07 

85 

8.6854016E-08 

6. 7311 339E-07 

Table  5. 8. 3-4  (Continued) 
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PREDICTED  VARIANCES  EOR  ESTIMABLES 
USING  CR1TER IAN  V/C  MATRIX  OF  PARAMETERS 


A SOLUTION 

B SOLUTION 

ESTIMABLE 

ESTIMABLE 

ESTIMABLE 

NUMBER 

VARIANCE 

VARIANCE 

1 

6.22D-01 

6.180-01 

2 

7.000-01 

7.770-01 

3 

7 . 000-0 1 

6.730-01 

4 

4.02D-01 

3.550-01 

5 

7.00D-01 

6.920-01 

6 

7. 00D-01 

6.860-01 

7 

7.000-01 

6.260-01 

8 

7. 000-01 

7.060-01 

9 

3.810-01 

3.310-01 

10 

6. 230-01 

6.400-01 

1 1 

7.000-01 

7.780-01 

12 

7. 000-01 

5.  160-01 

13 

7.000-01 

6.960-01 

14 

7.000-01 

6.630-01 

15 

7.000-01 

7.140-01 

16 

7.000-01 

7.590-01 

17 

5.950-01 

4.850-01 

18 

7.000-01 

7.  180-01 

19 

7.000-01 

6.860-01 

20 

7.00D-01 

6.670-01 

21 

7.000-01 

6.880-01 

22 

7.000-01 

5.550-01 

23 

7.000-01 

7.570-01 

24 

7. 000-01 

7.090-01 

25 

7.00D-C1 

7.090-01 

26 

6.79D-01 

6.210-01 

27 

4.840-01 

5.060-01 

28 

7. 000-01 

6. 540-01 

29 

7. 000-01 

6.960-01 

30 

4.010-03 

3.540-03 

PREDICTED  VARIANCES  FOR  ESTIMATES 
USING  CR I TER  I AN  V/C  MATRIX  OF  PARAMETERS 
(CONTINUED) 


A SOLUTION 

B SOLUTION 

estimable 

fstimable 

ESTIMABLE 

NUMBER 

VARIANCE 

VARIANCE 

31 

2.22D-03 

3. 14D-03 

32 

4.82D-03 

3.930-03 

33 

3. 16D-03 

3.740-03 

34 

2. 7 ID-03 

5.00U-03 

35 

3.80D-03 

2 .990-03 

36 

3. 36D-03 

2.710-03 

37 

2.69D-03 

1.990-03 

3R 

3.34D-03 

1.630-03 

39 

3.93D-03 

1.670-03 

40 

3. 060-03 

3.440-03 

41 

3.30D-03 

1.330-03 

42 

3.230-03 

2.020-03 

4 3 

3.530-03 

1.880-03 

44 

2.830-03 

4.510-03 

45 

3.58D-03 

5.360-03 

46 

3. 00D-03 

5.320-03 

47 

2 . 89D-03 

2.190-03 

48 

3. 290-03 

3.980-03 

Table  5. 8. 3-5/6  (Continued) 


ABSTRACT  OH  PREDICTED  OBSERVATION 
CORRELATION 

EXPLANATION  OF  TABLE-  COLUMN  A IS  THE  OBSERVATION 

BEING  CONSIDERED 

COLUMN  B ARE  THE  OTHER  OBSERVATIONS 
WITH  WHICH  THE  COLUMN  A OBSERVATION 
IS  CORRELATED  WITH  COEFFICIENTS 
OF  BETWEEN  I.  AND  .80 

COLUMN  C ARE  THE  OTHER  OBSERVATIONS 
WITH  WHICH  THE  COLUMN  A OBSERVATION 
IS  CORRELATED  WITH  COEFFICIENTS 
OF  RETWEEN  .79  AND  .50 

COLUMN  COLUMN  COLUMN 

A B C 


1 

NONE 

2,  3,  4 

2 

NONE 

1,  3,  7 

3 

NONE 

2,  1 

4 

6 

5,  1 

5 

6 

4 

6 

4,  5 

NONE- 

7 

NONE 

9,  8,  10,  2,  11 

8 

NONE 

7,  9,  10,  11 

9 

NONE 

7,  10,  B,  11,  14, 

10 

11 

9,  7,  8 

11 

10 

9,  7,  8 

1 2 

NONE 

13,  14,  16,  15,  17 

13 

14,  15, 

16 

12,  17 

14 

13,  16 

15,  12,  9,  17,  46 

15 

13,  16 

14,  17,  12,  19 

16 

13,  14, 

15,  17 

12 

Tabl  e 5 . 8 . 3 -7 


ABSTRACT  OF  PREDICTED  OBSERVATION 
CORRELATION  (CONTINUED) 


COLUMN 

COLUMN 

COLUMN 

A 

H 

C 

17 

16 

15, 

13, 

12, 

14 

18 

NONE 

19, 

20, 

21 

19 

NONE 

18, 

15 

20 

NONE 

18, 

21, 

24, 

47, 

52, 

53 

21 

NONE 

18, 

20 

22 

NONE 

23, 

24, 

26, 

26, 

27 

23 

NONE 

22, 

24, 

25, 

26, 

2 7 

24 

NONE 

23, 

25, 

22, 

26, 

20, 

47, 

52, 

5 3 

25 

NONE 

23, 

24, 

22, 

26 

28 

NONE 

23, 

24, 

25, 

27, 

22, 

55 

27 

NONE 

26, 

22, 

23 

28 

NONE 

29, 

30, 

31, 

32 

29 

NONE 

30, 

32, 

28 

30 

NONE 

29, 

32, 

28 

31 

NONE 

28, 

32 

32 

NONE 

29, 

30, 

28, 

31  , 

48, 

50 

33 

NONE 

35, 

34, 

55 

34 

NONE 

33 

35 

NONE 

33, 

38 

36 

NONE 

37, 

38 

37 

NONE 

36, 

38, 

48, 

50 

Table  5. 8. 3-7  (Continued) 


ABSTRACT  OF  PR b DIC  TED  OBSERVATION 
CORRELATION  (CONTINUED) 


column 

A 

COLUMN 

B 

COLUMN 

C 

38 

NONE 

36,  37, 

35 

39 

NONE 

40 

40 

NONE 

39 

41 

NONF 

43,  44 

42 

NONE 

43 

43 

NONE 

44,  41, 

42 

44 

NONF 

4.5,  45, 

41 

45 

NONE 

46,  44, 

50 

46 

NONE 

45,  9, 

14,  50 

47 

NONE 

48,  20, 

24 

t*  8 

NONE 

47,  50, 

32,  37 

49 

NONE 

NONE. 

50 

NONF 

48,  32, 

37,  45,  46 

51 

NONE 

52 

52 

NONE 

51,  20, 

24 

53 

NONF 

54,  20, 

24,  5 7 

54 

NONE 

53 

55 

NONF 

26,  33 

56 

NONF 

NONE 

57 

NONE 

53 

Table  5. 8. 3-7  (Continued) 
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SELECTION  OF  observations  for  thf  formation  Oh  THF  v/c 
MATRIX  FOR  POSITIONAL  PARAMETERS 


r 


EXPLANATION  OF  THF  FNTRIES  IN  THfc  'SELECTION'  COLUMN 
I - INDICATES  A SELECTION  (INITIAL  FORMATION) 

A - INDICATES  AN  ADDITION.  THE  NOMHER  FOLLOWING, 
IS  THF  ITERATION  IN  WHICH  THIS  OBSERVATION 
WAS  ADDED 

KEPT  - INDICATES  THAT  THIS  OBSERVATION  WAS 
INCLUDED  TO  INSORfc  THAT  AT  LEAST  TWO 
DIRECTIONS  WERE  OBSERVED  AT  EACH  STATION 
.J  - WHFRF  J IS  A NUMBER  FROM  1 TO  V INDICATES 
THAT  THIS  OBSERVATION  WAS  CORRELATED  Til 
ANOTHER  SELECTED  OBSERVATION  WITH  A 
COEFFICIENT  OF  . J 

( NOT  F - THOSE  OBSERVATIONS  MARKED  'ELIMINATED  AL I I OK  2 
INDICATE  THAT  OBSERVATION  WAS  INCLUDED  IN  FIRST  ITERATION 
OR  THF  INITIAL  SELECTION  AND  REMOVED  IN  ALTERNATE  CHOICE  l 
OR  ALTERNATE  CHOICE  2) 


OBSERVATION 

OBSERVATION 

NUMBER 

SELECT  ION 

NUMBtK 

SELECTION 

1 

I 

21 

I 

2 

.7 

22 

I 

3 

KFPT 

23 

.7 

4 

1 

24 

. 6 

5 

KEPT 

25 

.6 

6 

.R 

26 

.6 

7 

I 

27KEPT 

B 

.6 

2H 

I 

9 

. 7 

29 

ID 

.6 

30KEPT 

1 l 

I 

31 

• ^ 

A1 , ELIMINATED 

In  alT  1 S 2 

12 

I 

32 

.6 

A 1 

1 3 

.7 

33 

I 

14 

.6 

34KEPT 

15 

.6 

35 

. 7 

16 

.6 

36 

I 

17 

I 

37 

• 6 

IB 

I 

38KEPT 

19 

.6 

39 

I 

2D 

. 6 

A 1 

Tabl  e 

c n 

00 

• 

OC 

oo 
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SELECTION  OF  OBSFR  VAT  I ONS  FOK  THE  FORMAT I (IN  OF  THfc  V/C 
MATRIX  FOR  ROS IT  I ONAL  PARAMETERS 
< CDNT  I AIDED ) 


(NOTE  - T HnSF  ORSER VAT  I ONS  MARKED  'EL  I K I N A T E D ALT  l OR  2 
INOICATF  THAT  THE  URSER VAT  I fllvi  WAS  INCLUDED  IN  THE  FIRST  AND 
DR  THF  INITIAL  SELECTION  AND  REMOVED  IN  ALTERNATE  CHOICE  1 
OR  ALTERNATE  CHOICE  ?) 


OBSERVATION 

OBSERVATION 

NUMBER 

SELECTION 

NUMBER 

SELECTION 

40 

. ft 

50  .ft 

41 

I 

51 

I 

42 

I 

r>?  .ft 

43 

• ft 

53 

I 

44 

I 

54  . 6 

A 1 

45 

.ft 

55 

I , 

ELIMINATED  alt  1 

4ft 

I 

5ft 

I 

47 

I 

5 7 .ft 

4 R 

.ft 

49 

I 

50 

.ft 

STATION  VARIANCES 
EUK  THIS  NET 


KFY  TO  PARAMETER  CODE-  P INDICATES 

L INDICATES 
Z INDICATES 
UNKNOWN  ( 'Z 

THE  VARIANCE 
THE  VARIANCE 
THE  VARIANCE 
• CORRECTION) 

IN  LATI1U0E 
IN  LONGITUDE 
IN  STATION 

NOTE  THAT 

ALL  PARAMETER  VARIANCES 

ARE  IN  UNITS 

UE  ARC 

SECONDS  SQUARED  AND 

THE  HEADING  'CODE'  INDICATES  PARAMETER 
CODE 

STATION 

VAR  I ANCE 

VARIANCE 

VARIANCE 

VARIANCE 

NUMBER/CODE 

INITIAL 

ITERATION  1 

ALTERNATE  1 

ALTERNATE  2 
( FINAL) 

1 P 

ft. 420-07 

6. 860-07 

6.770-07 

6.860-07 

L 

8.02D-07 

8.540-07 

8.820-07 

8.520-07 

Z 

1.480-01 

1.540-01 

1.580-01 

1 .520-01 

2 P 

1 . 050-06 

1 . 200-06 

1. 180-06 

1. 180-06 

L 

1.20D-06 

1.280-06 

1.290-06 

1 . 260-06 

Z 

2 . ft  3L)-0 1 

2.740-01 

2.770-01 

2.700-01 

3 P 

ft. 120-07 

5. 620-07 

5.450-07 

5.590-07 

L 

4.850-07 

4.440-07 

4.370-07 

4.360-07 

Z 

1. 240-01 

1. 210-01 

1.260-01 

1 . 200-01 

4 P 

4.310-07 

4.680-07 

5.400-07 

4.720-07 

L 

4.730-07 

4. 620-07 

4. 640.-07 

4.640-07 

Z 

1. 100-01 

9.810-02 

1.060-01 

1.010-01 

5 P 

7.040-07 

2. 170-07 

2 . 360-07 

2. 180-07 

L 

1. 250-Oft 

O 

1 

P“ 

vC 

• 

>c 

7 . 360—0 7 

6.810-07 

7. 

1.330-01 

8. 860-02 

1.040-01 

9.010-02 

ft  P 

8. 110-07 

2.250-07 

2.320-07 

2.290-0  ( 

L 

8. 810-07 

6. 060-07 

6.510-07 

5. 780*  0 1 

Z 

2.070-01 

l. 140-01 

1.150-01 

1 .140-01 

7 P 

3. 160-07 

2.590-07 

4.370-07 

2.640-07 

L 

7.740-07 

2.810-07 

4.500-07 

3. 780-07 

Z 

1.620-01 

ft. 650-02 

9.940-02 

8. 300-02 

8 P 

ft. 800-07 

5.490-07 

1.920-06 

5.550-07 

L 

5.350-06 

9. 780-07 

4.930-06 

2.990-06 

Z 

5.480-01 

1.810-01 

5.700-01 

3.560-01 

9 P 

7 . 97D-0ft 

6. 140-07 

7.120-07 

6.460-07 

L 

2. 730-06 

7.840-07 

7.600-07 

7.570-07 

Z 

4.960-01 

1.680-01  2.540-01 

Tab  I 5 . 3 .3  -9 

1 .710-01 

THE  VARIANCE  OF  THE  ESTIMATES  FOR  THIS 
SELECTION  OF  OBSERVATIONS 

TYPE  KEY-  G INDICATES  AN  ANGLE 

(UNITS  FOR  VARIANCE  ARE  ARC  SECONDS  SQUARED) 
S INDICATES  A DISTANCE 

(UNITS  FOR  VARIANCE  ARE  METERS  SQUARED) 


EST IMABLF 

VAR  I ANCE 

VAR  I ANCE 

VARIANCE 

VARIANCE 

NUMBER /TYPE 

initial 

ITERATION  1 

ALTERNATE  1 

ALTERNATE 

(FINAL) 

1 

G 

1.44D-01 

1.430-01 

1.430-01 

1.430-01 

2 

G 

2. 010-01 

1.980-01 

1.980-01 

1.980-01 

3 

G 

2.  180-01 

2. 170-01 

2.180-01 

2.  160-01 

4 

G 

7. 330-02 

7. 190-02 

7.190-02 

7. 19D-02 

5 

G 

3. 120-01 

3. 100-01 

3. 110-01 

3. 1 10-01 

6 

G 

5.780-01 

5 . ftft()-0 1 

5.670-01 

5.670-01 

7 

G 

5. ftftO-Ol 

5. 530-01 

5.530-01 

5.530-01 

8 

G 

5.270-01 

4. 9ft0-01 

4.970-01 

4.960-01 

9 

G 

8.780-02 

8. 600-02 

8.630-02 

8.610-02 

10 

G 

2. 170-01 

2.060-01 

2.070-01 

2.060-01 

1 1 

G 

5. 160-01 

3. 990-01 

4.010-01 

3.990-01 

12 

G 

2.500-01 

2. 110-01 

2. 13D-01 

2.110-01 

13 

G 

2.000-01 

1. 890-01 

1 .900-01 

1.900-01 

14 

G 

4.390-01 

3. 30D-01 

3.320-01 

3.300-01 

1 5 

G 

1.290+00* 

2. 500-01 

2.550-01 

2.500-01 

14 

G 

2.ft2D-01 

c 

1 

lP 

• 

r\j 

2.570-01 

2.560-01 

1 7 

G 

1.820-01 

1.200-01 

1.240-01 

1.200-01 

18 

G 

1.270+00* 

2.560-01 

2.640-01 

2.570-01 

19 

G 

4. 500-01 

2. 250-01 

2.350-01 

2.260-01 

20 

G 

7.990-01 

2.930-01 

6.720-01 

3.900-01 

21 

G 

3.  180-01 

2. 340-01 

2.690-01 

2.350-01 

22 

G 

1 . 390-01 

1.310-01 

l. 34D-01 

1.320-01 

23 

G 

2. 230-01 

1. 340-01 

1.440-01 

1.370-01 

24 

G 

7.500-01 

2.  150-01 

8.860-01 

6.010-01 

25 

G 

1.350-01 

1 . 630-01 

1 .670-01 

1.640-01 

2ft 

G 

2.190-01 

9.810-02 

1 .800-01 

1.800-01 

27 

G 

1.490+00* 

1. 050-01 

1 . 380-01 

1 . 380-01 

28 

G 

3.830-01 

1.090-01 

1 .750-01 

1 .100-01 

29 

G 

2. ft 70-01 

1.930-01 

3. 18  0-01 

2.040-01 

30 

S 

8.510-04 

8.490-04 

8.500-04 

8.500-04 

(NOTE  THAT  »*»  INDICATES  ESTIMABLE  FAILS  USFR  RFOU I REMEN  I ) 

Table  5. 8. 3-9  (Continued) 
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THE  VARIANCE  CJK  THE  ESTIMARLES  FOR  THIS 
SELECTION  OF  OBSERVATIONS 
(CONTINUED) 


rSTIMARLE 

VARIANCE 

VARIANCE 

VARIANCE 

VARIANCE 

IMBER/TYPE 

INITIAL 

ITERATION  1 

ALTERNATE  1 

alternate 

( F I NAL  ) 

31 

S 

1. 020 -03 

1.01D-03 

1.010-03 

1.010-03 

32 

S 

9. 370-04 

8. 830-04 

8.890-04 

8.840-04 

33 

s 

8 . 440-04 

8.390-04 

8.390-04 

8.390-04 

34 

s 

1.050-03 

1.000-03 

1.010-03 

1.000-03 

35 

s 

5.950-04 

5.500-04 

5.600-04 

5.500-04 

36 

s 

1 .9RD-03 

1.070-03 

1.070-03 

1.070-03 

37 

s 

9.720-04 

8.560-04 

8.580-04 

8.560-04 

3R 

s 

4. 860-04 

4. 660-04 

4.660-04 

4.660-04 

39 

s 

1.230-03 

8.320-04 

8.380-04 

8.350-04 

40 

s 

7.760-04 

7.510-04 

7.610-04 

7.530-04 

41 

s 

1.340-03 

8.240-04 

8.270-04 

8.250-04 

4? 

s 

8.320-04 

5.  140-04 

5.380-04 

5.  170-04 

43 

s 

1.210-03 

5.8R0-04 

6.060-04 

5.910-04 

44 

s 

1.260-03 

6. 780-04 

1.080-03 

1 . 080-03 

45 

s 

9.85  0-03* 

6.03D-04 

6.700-04 

6. 320-04 

46 

s 

ft. 650-04 

6.510-04 

3.570-03 

7.420-04 

47 

s 

8.250-04 

6.970-04 

9.790-04 

7.130-04 

4ft 

s 

9.970-03* 

1. 340-03 

3.130-03 

2.630-03 

( NOT F 

THAT 

"*»  INDICATES  EST1MABL 

E FAILS  USER 

REQUIREMENT 

Table  5 . 8 . 3 -9  ( Cont i nued) 


Observations  required  in  the  design  of  example  5-3 
(ALTERNATE  2) 

NETWORK  T3 


SYMBOL  KEY 


© 0 

© — B- 


© a direction  from 
i to  j 

© a distance  between 
i and  j 


Stations  ((^)  joined  by  solid  lines  indicate  that  they  are  intervisible 


Figure  5. 8.3-1 
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STATION  VARIANCES 
FOR  THIS  NET 

KEY  TO  PARAMETER  COOE-  P INDICATES  THE  VARIANCE  IN  LATITUDE 

L INDICATES  THE  VARIANCE  IN  LONGITUDE 
Z INDICATES  THE  VARIANCE  IN  STATION 
UNKNOWN  ('Z'  CORRECTION) 

•*•  INDICATES  THAT  THIS  PARAMETER 
HAS  REEN  WEIGHT  CONSTRAINED 

NOTE  THAT  ALL  PARAMETER  VARIANCES  ARE  IN  UNITS  OF  ARC 

SECONDS  SQUARED  AND  THE  HEADING  'CODE'  INDICATES  PARAMETER 

COOE 


STATION 

VAR  I ANCE 

VARIANCE 

VARIANCE 

variance 

NUMBER/CODE 

MINIMUM 

MINIMUM 

OVER 

OVER 

CONSTRAINT 

1 CONSTRAINT 

2 CONSTRAINT  : 

1 CONSTRAINT 

1 

P 

1. 000-10* 

l. 000-10* 

1.000-10* 

1.000-10* 

L 

1.00D-10* 

1.000-10* 

1.000-10* 

1.000-10* 

Z 

1.27D-01 

1.670-01 

8.000-02 

9.980-02 

2 

P 

1. 000-10* 

1.300-06 

l. 000-10* 

1.000-10* 

L 

1.520-06 

1. 580-06 

1.000-10* 

1.000-10* 

Z 

1. 37D-01 

2.910-01 

1.030-01 

1.190-01 

3 

P 

9.36D-07 

1. 020-06 

5.900-07 

6. 330-07 

L 

1.91 D— 06 

1.300-06 

6.030-07 

9.020-07 

Z 

2.310-01 

1. 190-01 

9.990-02 

1.090-01 

A 

P 

1. 19D-06 

9.220-07 

1.000-10* 

6.310-06 

L 

2. 090-06 

1.000-06 

1.000-10* 

7.710-07 

Z 

2.6H0-01 

1.060-01 

9.720-02 

1.000-01 

5 

P 

1.21D-06 

1.290-06 

3.220-07 

9. 690-07 

L 

5.980-06 

1.930-05 

8.010-07 

1.180-06 

Z 

3.0  ID-01 

1.380-01 

1.390-01 

1 . 170-01 

6 

P 

1 .910-06 

1.280-06 

1.000-10* 

3.790-07 

L 

6.980-06 

9. 690-07 

1.000-10* 

6.780-07 

Z 

3.95D-01 

1.160-01 

1.610-01 

1.090-01 

7 

P 

1 . 80D-06 

1.990-06 

6.530-07 

9.910-07 

L 

8 . 920-06 

1. 12D-06 

8.360-07 

8.650-07 

Z 

3.200-01 

1.  180-01 

1. 180-01 

9.070-02 

R 

P 

2.01D-06 

1.79D-06 

1.000-06 

1.000-10* 

L 

2.110-05 

5. 220-06 

5.970-06 

1 . 000-10* 

Z 

6.69U-01 

9.620-01 

9.590-01 

1.290-01 

9 

P 

2. 100-06 

1.750-06 

6.770-07 

1 .000-10* 

L 

1.970-05 

1.000-10* 

1.560-06 

1.000-10* 

Z 

9. 970-01 

2.  100-01 

2.550-01 

1 . 000-01 

Table  5.8.3-10 
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THE  variance  of  the  estimarles  fuk  this 

SELECTION  (IF  ORSERVAT  IONS 


TYPE 

KEY- 

G INDICATES 

AN  ANGLE 

UNITS  FOR 

VARIANCE  ARE 

ARC  SECONDS 

SQUARED) 

S INDICATES 

A DISTANCE 

(UNITS  FOR 

VARIANCE  ARE 

METERS  SOUARFU) 

FST IMARLE 

VAR  I ANCE 

VARIANCE 

VARIANCE 

variance 

NUMRER /TYPE 

MINIMUM 

MINI  MUM 

OVER 

LIVER 

CONSTRAINT  1 

CONSTRAINT  2 

CONSTRAINT 

1 CONSTRAINT 

1 

G 

1.43U-01 

1.430-01 

4.410-02 

5. 580-02 

2 

G 

1 . 98D-01 

1.980-01 

5.620-05 

5.910-02 

3 

G 

2.  1 HD-01 

2. 180-01 

9.360-02 

1.340-01 

4 

G 

7. 19D-02 

7.190-02 

2.370-05 

2.610-02 

5 

G 

3.  1111-01 

3.110-01 

1. 170-01 

1.430-01 

6 

G 

6.670-01 

5.67D-01 

2.900-01 

4.270-01 

7 

G 

5. 53D-01 

5. 530-01 

3.480-01 

3.780-01 

R 

G 

4.96D-01 

4.960-01 

2.910-01 

3.110-01 

9 

G 

8.61D-02 

8.610-02 

1.580-05 

2.320-02 

10 

G 

2.06D-01 

2.060-01 

7.390-02 

1.  1 40—0 1 

1 1 

G 

3. 990-01 

3. 990-01 

1.060-01 

3.150-01 

12 

G 

2. 110-01 

2. 1 ID— 01 

3.590-05 

1.630-01 

13 

G 

1. 900-01 

1.900-01 

6.890-02 

1.580-01 

14 

G 

3.300-01 

3.300-01 

2.260-01 

2.720-01 

15 

G 

2.500-01 

2. 800-01 

2.400-01 

2. 490-01 

16 

G 

2.560-01 

2.560-01 

2.430-01 

2.520-01 

17 

G 

1.200-01 

1.200-01 

5.680-02 

1.040-01 

18 

G 

2.57D-01 

2.570-01 

2.090-01 

2.290-01 

19 

G 

2.260-01 

2. 260-01 

1.220-01 

1.670-01 

20 

G 

3.900-01 

3.900-01 

2.720-01 

1.200-01 

21 

G 

2.350-01 

2. 350-01 

1.860-01 

1.950-01 

22 

G 

1.320-01 

1.320-01 

1.230-01 

1.210-01 

23 

G 

1.370-01 

1. 370-01 

7.780-02 

1.110-01 

24 

G 

6.010-01 

6.010-01 

8.760-01 

2.440-01 

25 

G 

1.640-01 

1. 640-01 

1 . 560-01 

1. 120-01 

26 

G 

1.800-01 

1.800-01 

1.630-01 

1.090-01 

27 

G 

1.380-01 

1.380-01 

1.290-01 

3.470-02 

2H 

G 

1. 100-01 

1.100-01 

9.830-02 

9.760-02 

29 

G 

2.040-01 

2. 040-01 

2.010-01 

8.080-02 

30 

S 

8.500-04 

8.500-04 

1.120-07 

1 .120-07 

Table  5.8.3-10  (Continued) 
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THE  VARIANCE  OF  THE  ESTIMATES  FOR  THIS 
SELECTION  OF  OBSERVATIONS 
(CONTINUED) 


FST IMABLE 

VARIANCE 

VARIANCE 

VARIANCE 

VAR  I ANCE 

NIJMBFR/TYPE 

INITIAL 

1 ITERATION 

2 ITERATION 

MINI  MUM 

( FINAL  ) 

CONSTRAINT 

31 

s 

1.010-03 

1.010-03 

5.490-04 

7.250-04 

32 

s 

8. 840-04 

8.840-04 

1.810-07 

6.140-04 

33 

s 

8. 39D-04 

8. 390-04 

4. 120-04 

4.770-04 

34 

s 

1.000-03 

1.000-03 

1.400-07 

5.420-04 

35 

s 

5. 500-04 

5. 500-04 

2.950-04 

5. 140-04 

36 

s 

1.070-03 

1.070-03 

7.600-04 

7.650-04 

37 

s 

8.560-04 

8. 560-04 

4.860-04 

5.680-04 

38 

s 

4.660-04 

4.660-04 

3.680-04 

4.300-04 

39 

s 

8.35D-04 

8. 350-04 

1.420-07 

6. 170-04 

40 

s 

7.530-04 

7. 53D-04 

6.060-04 

5.730-04 

41 

s 

8.250-04 

8. 250-04 

4.230-04 

6.790-04 

42 

s 

5.170-04 

5.170-04 

4.630-04 

5.100-04 

43 

s 

5.910-04 

5.910-04 

3.81D-04 

5.310-04 

44 

s 

1.080-03 

1.080-03 

1.020-03 

3.100-04 

45 

s 

6.320-04 

6. 320-04 

6.110-04 

3.660-04 

46 

s 

7.420-04 

7.420-04 

7.380-04 

4.820-04 

47 

s 

7. 130-04 

7. 130-04 

8.620-04 

6. 110-04 

48 

s 

2.630-03 

2.630-03 

2.430-03 

1 .160-07 

Table  5.8.3-10  (Continued) 
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6.  The  Weight  Recovery  Method 
6.1  An  alternate  approach  to  design. 

As  mentioned  previously,  a solution  to  the  equation  referred  to  as 
Theorem  B,  Bossier  et  al.  (1973) , provides  another  method  of  selection 
of  observations.  Prior  to  examination  of  this  equation,  some  initial 
discussion  is  required.  In  previous  chapters,  the  inverses  of  the 
normal  equations  were  discussed.  The  formation  of  the  normals  from  the 
(inconsistent)  observation  equations  implies  the  (first)  minimization 
of  the  weighted  sum  of  the  squares  of  the  corrections  to  the  observa- 
tions (the  residuals) . If  the  rank  of  the  normal  equation  matrix  is 
less  than  its  order,  a second  minimization  is  performed,  the  quantity 
minimized  being  the  sum  of  the  squares  of  the  parameters  or  corrections 

i 

to  the  initial  values  of  the  parameters,  the  / )(  minimum  solution. 

If  the  observation  equations  are  solved  directly,  a solution  which  does 
both  these  minimizations  is  the  generalized  inverse  of  the  observation 
design  matrix  which  solves  for  the  unknown  as: 

x = 'AC^J 

where  A^  ' C A' A ft  A,'  and  it  is  assumed  that  the  design  matrix  has  been 

y 

scaled  as  described  in  Chapter  5 by  F % ■ This  can  be  seen  in  a 
mechanical  way  from  the  previous  solution,  which  was  shown  mathematically 
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PRECEDING)  PACK  BLANK. NOT  PILMSD 


to  satisfy  the  two  minimizations  in  Chapter  2.  That  is 

£ = -(4 W/f'M/-  -wV 

Note  here  that  the  symbol  (A'a)9  has  been  substituted  for  that  of  the 
pseudo- inverse.  An  examination  of  the  proofs  presented  in  Chapter  2 
reveals  that  only  two  of  the  properties  of  the  pseudo- inverse  were 
required  to  manipulate  the  equations.  One  set  of  these  properties  was: 


5^  BB'B 


(2.4.1) 


<$-&)'=  era 


(2.4.4) 


where  ^ is  a square  symmetric,  matrix.  If  the  same  properties  are 
assumed  for  A and  it  can  be  shown  that,  by  substitution,  this  infers 

properties  2.4.1  and  2.4.4,  then  the  solution 

* r 

X = -ACW 

will  also  be  a minimum  variance,  minimum  norm  solution.  Before  this  is 
done,  one  additional  point  should  be  made.  That  is  that  the  definition 
for  A C can  be  used  as  an  existence  theorem  which  says  that  if  A C 
obeys  the  two  properties 


Aa^A  - A 


(2.4.1a) 


(AcA)  = ACA 


it  can  be  assumed  that  there  exists  a matrix 


Q4'A)9 


(2.4.4a) 


( that  is , the 


"inverse"  of  the  free  normals  using  an  algorithm  implying  some  constraint 
which  is  a member  of  the  family  of  generalized  inverses  which  obey  2.4.1 
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and  2.4.4)  such  that 


co)Vmc 

Consider  the  first  property  of  A • 2.4.1a.  Does  this  imply  2.4.1 
in  terms  of  the  normals?  If 

A ACA  - A 

Substituting  the  definition  of  /4C 

aL  ca'aMa^a 

Using  the  above  to  form  the  normals,  N 5.  A A , by  premultiplying 

t>y  A ■ 

A' A (A'a^A'A  * A'a  i NiA'A^M  -KJ 

which  is  condition  2.4.1.  Substituting  the  definition  of  AC  in  2.4.4a 

(LU'/OVJU)'*  LC 

and  again  substituting  the  definition  of  the  free  normal  matrix, 

A!  A (A'a)"*  = V'Afa'A 

N (A'aP  -(A'A^N 

which  is  condition  2.4.4. 

Thus  if  AC  obeys  2.4.1a  and  2.4.4a  (Bossier  et  al. (1973)),  in  terms 

of  the  free  normals,  conditions  for  the  minimum  variance,  minimum  norm 

solution  may  also  be  inferred.  For  that  reason  will  now  be 

denoted  (/V/0  • should  be  noted  again  that  this  does  not  restrict 

. c 

the  formation  of  to  the  use  of  the  definition,  as  indicated  above. 

So  long  as  AC  obeys  the  equations  2.4.1a  and  2.4.4a,  there  exists  a 
matrix  ^ A ")  such  that 
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For  this  reason  the  notation  A will  be  changed  to  A from  this 
point  onward. 

Theorem  B states: 

P = = A'  A * i -C \A  )lAA  (6  1} 

where  here  the  assumption  is  made  that  the  design  matrix  is  scaled  and 
contains  all  possible  observations  and  2 is  a conformable  arbitrary 
matrix.  Substituting  the  definition  of  A this  becomes: 

P'  (6.:) 

The  symbol  is  used  for  convenience  only.  It  does  not 

necessarily  imply  that  the  Cayley  inverse  is  performed,  since  in  the  case 
of  the  free  normals,  from  directions  and/or  azimuths  and/or  distances, 
which  are  rank  deficient,  the  Cayley  inverse  is  not  defined.  This 
symbol  should  be  literally  interpreted  only  when  the  free  normals  are 
of  full  rank,  for  example  as  is  the  case  when  "direct  observations"  of 
parameters  (weight  constraining)  removes  the  singularity.  In  all  other 
cases,  it  should  be  interpreted  as  indicating  the  free  normals  from  which 
the  V/C  matrix  of  parameters,  iT*  , was  formed  by  applying  some  con- 
straint and  "inverting",  in  the  sense  that  one  of  the  family  of  generalized 
inverse  algorithms  is  used. 

It  is  interesting  to  note  that  the  component  A[  0 */V)  A of  this 
matrix  equation,  indicating  computation  with  the  generalized  inverse  from 
the  normals  of  all  possible  observations,  is  the  variance-covariance 
matrix  of  the  observations  as  estimables  themselves.  This  is  the  very 

matrix  which  is  invariant  for  any  minimum  constraint  solution,  using  any 
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of  the  family  of  generalized  inverses  to  include  the  constraint  of  some 
unknowns  so  that  the  normals  may  be  reduced  and  inverted  in  the  Cayley 
sense.  In  further  computations  £4/4)  will  be  substituted  for  ($  A\ 
for  computational  convenience. 

To  note  just  how  arbitrary  is,  it  is  informative  to  substitute 

this  solution  for  P and  compute  the  effect  of  any  arbitrary  2 matrix. 
That  i portion  of  the  A PA  equation  is  the  expression  given  below. 

A'ZA  - LAJALaY 4^]' 2 LA  (AVO'A'/t] 

The  underlined  portion  of  the  expression  is  again  that  test  for  estimability 
given  by  Rao.  Since  the  observations  used  to  form  a set  of  normal  equa- 
tions which  is  inverted  to  form  a V/C  matrix  must  themselves  be  estimable 
from  the  parameters  solved  for  in  this  manner,  then: 

4 - A N~N 

and  A - A CA'A  )~4'A 

A'  = n - A 'A  (A'A)  A1 

Thus,  the  expression  becomes 

for  any  £ . This  very  arbitrary  nature  is  an  aid  in  the  application 

of  Theorem  B.  It  is  usual  to  consider  that  the  P matrix,  , is 

diagonal,  expressing  the  independence  of  the  observations  of  direction, 
distance,  and  azimuth  in  horizontal  control.  The  conditions  thus  placed 
upon  the  off  diagonal  elements  of  the  2'1  matrix,  p , combined  with 
a choice  of  the  £ matrix  make  it  possible  to  form  a P matrix  which 
meets  our  requirements.  If 

, t>j 


(6.4) 
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then 


[ A%'4  'hi ) = [0M-)  lAA'Jd^)  - 2.  «vp  > C>  J (6.5) 

The  matrices  A~ A~  an<^  CAA)  £AA  are  symmetric,  so  that 
above  condition  generates  an  equation  set  of  members,  where 

/ \ is  the  number  of  all  possible  observations. 

The  simplest  configuration  of  the  £ matrix  would  be  if  it  too 
was  diagonal,  with  the  major  diagonal  elements  considered  as  unknowns. 
For  expedience,  if  the  following  definitions  are  made: 

Cl  5AA" 

D=-V*VT 


the  equation  set  arising  from  matrix  equation  6.5  is: 


Dfsj)  = ^ 


This,  in  turn,  can  be  written  in  matrix  form  as: 

E>  - Cr  2 

“I-*  ’ ""X  " " ' (6.8) 

where  will  be  referred  to  as  the  design  matrix  of  the  2 unknowns. 

Since  the  number  of  equations  is  greater  than  the  number  of  unknown 
coefficients  in  the  2 matrix  and  there  is  no  reason  other  than 
intuition  to  believe  that  this  set  is  consistent,  the  equation  set  6.8 
can  be  premultiplied  by  , giving  an  MM  set  of  consistent 


r 

f 

equations  which  minimize  the  squared  sum  of  the  corrections  to  the 
D ) terms  upon  solution.  Again,  there  is  no  reason  to  believe 
that  the  coefficients  for  zt  solved  for  in  this  manner  are  unique, 
so  another  minimum  norm  solution  is  performed,  thus  minimizing  the  sum 
of  the  squares  of  the  corrections  to  the  approximate  values  taken  for 
the  2:  coefficients. 

If  the  set  of  equations  is  consistent  and  the  2:  coefficients 

unique,  the  minimum  norm,  minimum  "least  square"  solution  given  above 
will  yield  the  same  values  for  the  2 coefficients  as  a straight- 
forward solution  of  the  independent  equations  of  the  set  6.7.  Specific 

comments  will  be  made  in  the  numerical  example  section  of  this  chapter 
as  to  the  uniqueness  of  the  2 coefficients  and  the  consistency  of 
the  6.7  equations.  However,  it  is  appropriate  to  comment  here  that  in 
every  case  studied  the  equations  of  set  6.7  were  consistent  to  the  level 
of  roundoff  expected  in  the  computations  made  and  the  coefficients 
solved  for  in  every  case  were  unique.  It  should  also  be  mentioned  that 
the  observations  used  were  independent  and  well  defined  in  every  case, 
so  that  it  may  well  be  prudent  to  plan  for  the  non-unique  inconsistent 
situation  even  when  it  appears  to  be  unnecessary. 

To  test  and  illustrate  the  recovery  of  weights  in  a situation  where 
the  free  normals  are  available,  network  T4  is  used. 

Table  6.2  indicates  the  recovered  weights  for  the  normals  formed 
from  scaled  observations  which  are  indicated  in  Table  6.1  by  marking  with 
asterisks.  All  observations  indicated  in  Table  6.1  were  included  in 
the  scaled  A matrix,  the  scaling  factors  being  the  reciprocals  of  the 
standard  deviations  assigned  each  observation. 
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Other  tests  were  performed  without  scaling  and  with  a mix  of  scaled 


and  unsealed  observations  included  in  the  /\  matrix.  The  normals  were 
in  all  cases  formed  from  some  of  the  observations,  always  utilizing  the 
reciprocal  of  the  observation  variance  as  a weight.  In  all  cases,  the 
recovery  was  correct  and,  as  previously  mentioned,  no  inconsistency  or 

nonuniqueness  was  encountered. 

One  unexpected  outcome  from  the  formulation  of  the  problem  where 
is  taken  as  diagonal  is  the  definition  of  the  on  diagonal  terms  of 

i 

the  (AA~)  £AA  matrix.  In  every  test  performed,  when  a solution  was 
performed  as  indicated  above,  not  only  were  the  off  diagonal  terms  of 
the  (^/\~)  £ A A matrix  equal  to  those  of  the  A 2^  A matrix,  but 
the  major  diagonal  elements  were  equal  as  well.  In  this  special  cir- 
cumstance, the  ]£  and  P matrix  were  identical.  Table  6.3  lists 
the  values  for  the  diagonal  terms  of  the  A ” * A and  (AA  )^AA 

matrices,  referred  to  as  Matrix  I and  II  respectively,  in  all  tables. 

As  with  any  least  squares  solution,  the  parameters  may  be  weighted 
or  weight  constrained  as  well.  In  recovery  of  the  matrix  illustrated 
in  Tables  6.1  through  6.3,  this  weighting  was  not  implemented.  To 

control  the  magnitude  difference  between  elements  of  the  zj  matrix,  an 

• o o 

a priori  value  of  reasonable  size  is  suggested  for  £ . For  scaled 

->  0 

observation,  1.  for  each  element  of  the  zf  matrix  is  suggested.  If 
these  elements,  upon  solution,  are  less  than  some  nominal  value,  for 
example  zero,  or  greater  than  some  other  value  set  by  the  designer, 

additions  can  be  made  to  the  major  diagonal  elements  of  the  Cj  (f  matrix, 

20 

values  and  the  solution 
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reperformed.  In  this  case,  the  on  diagonal  elements  of  the  ) £AA 

matrix  do  not  equal  those  of  the  /\  ~2'  A~  matrix.  Then  the  recovered 
weights  are  computed  directly  using  the  original  Theorem  B equation. 
That  is: 


The  single  subscript  of  the  P and  2 indicates  the  location 
on  the  major  diagonal  of  the  ith  element.  (Note  that  in  the  formulation 

of  the  problem,  P and  2 matrices  are  full  X sets  whose  off 
diagonal  terms  are  constrained  to  zero.  The  nonuniqueness  of  the 
elements  come  into  play  when  the  off  diagonal  elements  of  the  ^ matrix 
are  not  so  constrained.  The  design  equation  linearization  is  consider- 
ably more  complicated  in  this  case  and  the  number  of  unknowns  increased 
substantially.  The  equation  for  the  case  when  the  £ matrix  is  full 
and  symmetric  is  presented  for  completeness: 


This  equation  was  not  implemented  numerically.  Equations  6.7  and  6.10 
represent  the  extremes  in  the  choice  of  configurations  for  the  ^ 
matrix.  In  between  are  those  where  the  2:  coefficients  are  selectively 

constrained  to  zero.) 

Suggested  cutoffs  for  the  recovery  of  scaled  P values  (that  is, 
values  for  the  elements  from  the  use  of  the  scaled  A matrix)  are 

-I- ■/  Pit)  / s. 
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6.2  Uses  in  design  of  horizontal  control  networks. 

For  the  problem  of  which  observations  establish  a given  network, 
the  P recovery  method  can  be  used  in  the  following  ways: 

1.  Iteration  of  a solution  derived  from  the  techniques  discussed 
in  Chapter  5 and  the  compensation  required  in  that  solution 
for  the  removal  of  observations  scheduled  in  the  original 
network  establishment.  This  is  particularly  applicable  to 
those  observations  classed  as  "expensive". 

2.  Compensation  for  observations  thought  to  be  initially  possible 
and  selected  for  the  design,  which  actually  may  not  be  feasible 
to  perform. 

3.  Direct  computation  of  the  required  observations  from  the 
ZyCCe  'T)  matrix  of  the  type  formed  in  Chapter  4. 

Unless  specifically  stated,  all  design  A;  matrices  used  in  the 
following  examples  will  be  considered  scaled.  This  scaling  in  some 
instances  is  a function  of  the  instrument,  method  and  data  reduction. 

In  others,  the  designer  has  some  choice  in  that  he  may  specify  instrument, 
numbei  of  observations  making  up  the  final  "observation"  and  reduction 
procedures  which  yield  a variety  of  observational  variances.  The  major 
difference  in  this  procedure  in  any  application  and  the  design  derived 
from  the  method  given  in  Chapter  5 is  the  admittance  of  multiple  sets  of 
observations.  If,  at  a given  station  for  example,  one  direction  is 
required  to  be  observed  more  accurately  than  another,  the  final  observing 
plan  and  schedule  may  become  very  complex. 
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6.2.1  Iteration  of  an  existing  design. 

As  indicated  in  Chapter  S,  a design  may  be  iterated  if,  for  some 
reason,  the  number  or  type  of  observations  called  for  is  not  acceptable 
to  the  designer.  In  this  procedure,  a set  of  free  normals  exist  from 
which  the  was  computed,  using  a pseudo- inverse  algorithm,  and  found 

to  meet  or  be  better  than  the  user's  requirements.  The  designer  has 
selected  the  type  and  accuracy  of  the  observations  to  be  used  and  which 
of  the  observations  are  to  be  included  in  the  observing  plan.  The  free 
normal  equation  matrix  generated  from  these  observations  will  be  denoted 
N C^Y\)  . If  the  entire  design  matrix  of  observations  (scaled)  is 

used  in  equations  6.7,  the  P recovered  will  be  made  up  of  1.  and 
zero  elements,  verifying  the  already  available  design. 

Instead,  the  designer  now  chooses  specific  observations  from  those 
which  are  possible  and  includes  these  in  the  scaled  A matrix.  This 
choice  may  be  based  upon  the  time  phasing  of  the  observation  plan,  cost 
of  each  observation  and/or  other  considerations.  The  A matrix,  at  a 
minimum,  must  contain  at  least  one  of  each  of  the  observation  types 
which  make  the  user  specified  quantities  estimable.  Also,  the  degrees 
of  freedom  must  be  at  least  one  and  it  is  suggested  that  they  be  more 
than  one  in  this  first  selection. 

The  interpretation  of  the  elements  of  the  P matrix  is  that  they 
represent  the  number  of  sets  of  each  of  the  observations  required  to 
equal  the  effect  of  the  other  observations  which  originally  made  up  the 

matrix.  In  this  and  subsequent  subsections  of  6.2,  the  example 
used  to  illustrate  the  procedures  will  be  that  given  in  Chapter  5, 
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example  2.  Table  6.4  indicates  the  observations  available.  The 


asterisk  in  this  table  indicates  those  initially  selected  by  the 
designer  for  inclusion  in  the  A matrix.  Table  6.5  gives  the  target 
estimables  for  the  design.  /!/&•»)  meets  or  is  better  than  these 


requirements.  Table  6.6  is  the  unweighted  solution  for  the  elements 
of  the  P matrix.  P(^)  exceeds  the  set  range  for  the  P 


elements,  and  the  solution  is  repeated  with  a weight  equal  to  three 
times  the  major  diagonal  element  of  the  6 matrix,  that  is 

Cr  (rOVO  Table  6.7  indicates  the  result  of  this  weighting  and 

iteration.  This  determination  for  the  P elements  indicates  a repiti- 


tion  of  three  times  for  observations  2,  21  and  23,  see  Table  6.7.  If 
the  variance  is  actually  reduced  by  two-th:rds  in  this  procedure  or 
whether  the  accummulated  systematic  effects  actually  cause  a somewhat 
less  optimistic  variance  is  a decision  the  designer  must  take  under 
advisement.  The  upper  value  for  the  range  of  the  "P  elements  may  be 
decreased  and  the  solution  formed  again  if  the  designer  requires.  This 
was  not  done  in  this  example.  Table  6.8a  gives  the  positional  accuracies 
for  the  T4  stations,  using  the  pseudo- inverse  algorithm  for  inversion. 
Table  6.8b  gives  the  predicted  accuracies  of  the  estimables  with  the  new 
design  scheme.  Note  that  the  magnitudes  of  the  estimables  accuracies 
agree  quite  well  with  those  given  in  Table  5. 8. 2-6.  The  largest  angle 

II*  __ 

variance  in  this  solution  is  for  estimable  9 with  a value  of  0 -7/3  as 

compared  to  0.  in  the  Chapter  5 solution.  The  smallest  estimable 

variance,  that  of  estimable  number  24  with  a value  of  O-^SoflO  ‘•'‘agrees 

-3  v 

quite  well  with  the  other  solution  values  of  0.349  xlO  vv'  . The 
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differences  can  be  explained  by  the  procedure  of  rounding  of  the 
elements  into  integer  numbers  representing  sets  of  observations. 

Solutions  of  this  type  (that  is,  where  N ) matrices  are 
recreated  with  different  observations)  often  give  fairly  large 

negative  P elements  as  well.  In  Chapter  2,  the  general  form  of  the 
normal  equations  for  a network  was  given  as 

N = A'r'A  = /V  PA 

UU  U H Hh  W « 


This  may  be  expanded  as 

(Nj  = o-',  f>,  a,  + oJl  p,  <xt  t 

U » « » I U.  » » # # u. 


+ ^ ft* 

a • « » • u. 


where,  dL  is  the  linearization  of  the  mathematical  model  (scaled)  for 


one  observation.  Thus: 


If  an  observation,  ^ , is  to  be  deleted  from  the  normals,  in  effect 

0-£  is  subtracted  from  the  A J matrix.  This  deletion  of 


information  could  also  be  formulated  as: 


N = I »/ft  “ft  + a.(-P*)aA 


The  negative  sign  on  the  weight  elements  of  the  P matrix  will  be 
interpreted  in  just  this  manner.  Negative  P elements  will  be  treated 
as  indicating  that  information  contained  in  the  observation  to  which  they 
correspond  is  to  be  deleted  if  A / is  to  be  exactly  recreated. 

On  the  assumption  that  any  additional  information  improves  a set  of 
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normals,  observations  with  negative  weights  from  the  P recovery  will 
simply  be  deleted  from  the  network  (treated  as  if  they  were  of  zero 
weight) . The  weights  of  two  and  three  indicate  number  of  repetitions 
of  the  observation  sets  to  which  they  correspond. 

As  previously  noted,  this  observation  plan  deduced  from  the 
recovery  is  a complex  one  for  a field  party.  Table  6.7,  station  5 
shows,  one  set  of  directions  5-2  and  two  sets  each  of  directions  5-6 
and  5-1  are  required.  If  we  assume  that  5-2  is  the  initial  direction, 
practically  this  means  two  sets  of  eight  position  measurements  for  all 
observed  directions.  If  5-1  is  specified  as  the  initial,  the  observing 
party  may  make  one  set  of  eight  position  observing  stations  1,  2,  and 
6 and  one  additional  set  of  eight  observing  only  1 and  6.  This  must 
also  be  included  in  the  observing  list  by  the  designer,  who  must  decide 
on  the  practicality  of  such  an  observing  list. 

6.2.2  Direct  computation  of  the  required  observations  from  the 
£x  P^'T)  matrix. 

In  the  previous  sub  sections,  it  was  assumed  that,  since  the 
observations  required  to  form  were  known,  Nty*)  , the  matrix  of 

the  free  normals,  could  be  formed  directly  from  the  scaled  observations. 

, however,  is  computed  from  the  user  requirements  for 
accuracies  of  station  positions  and  estimables,  and  so  forming  a set 
of  free  normals  which  co  rrespond  to  before  inversion  is 

somewhat  more  difficult.  One  fact  that  makes  this  task  somewhat  less 
of  a problem  is  that  the  matrix  is  modelled  on  the  assumption 
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that  it  represents  requirements  and  desirable  characteristics  of  the 
pseudo- inverse  of  some  set  of  normals. 


The  pseudo-inverse,  unique  among  the  family  of  generalized  inverse, 
has  the  property  that: 


where,  in  this  instance,  Q is  a square  symmetric  matrix. 

This  can  be  shown  in  general,  using  the  four  characteristics  of 
the  pseudo- inverse  enumerated  in  Chapter  2.  If 


3*  = 0++  Br 


property  2-4.2 


then  /3  + 4 : 8^  6'B  8 8 property  2-4.2 


If 


then 


or 


or 


* 3 3>  0 0 B property  2-4.4  and  2-4.3 


(3+f  ^ 3f  B^+  6f  Q>  6 B+* 


0 + 0 6 B+ 


B = f3gr6  S*+ 

= e>6rB+  + 


property  2-4.4 


property  2-4.1 


Expanding  2>*  into  6^  0t  using  property  2-4.2 


3ft  --  B 
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or 


properties  2-4.3  and  2-4.4 


; 

. 

I 

M 

I 

s 


3*  = 3&J+ 

= 3(3fS 

or  finally  3**  - 3 


property  2-4.3 


property  2-4.1 


The  above  proof,  usually  given  in  most  texts  as  a stated  property  of  the 
pseudo- inverse,  is  presented  in  its  entirety  to  illustrate  the  need  for 
all  four  of  the  characteristic  properties  of  the  pseudo-inverse.  Thus, 
if  it  is  assumed  that  is  pseudo- inverse  of  some  set  of 

normals,  these  normals  which  correspond  to  are  x(£  (2>T  ) . 

In  the  case  of  the  formation  of  the  normals  from  actual  observations 
and  subsequent  inversion,  all  the  eigenvalues  of  the  normal  equation 
matrix  are  related  through  the  observations  themselves  and  modelled  in  a 
physically  meaningful  manner.  Upon  inversion,  the  smallest  non  zero 
eigen  values  of  the  normal  matrix  become  the  dominant  eigen  values  of 
the  inverse.  When  ^(ir/ClT)  is  formed,  however,  only  the  modelling  of 
the  dominant  eigen  values  is  reflected  in  the  satisfaction  of  positional 
and  estimable  accuracies.  Indeed,  there  is  no  assurance  that  some  of 
the  smaller  eigen  values  of  the  (£il)  matrix  are  positive.  The 

inversion  of  the  matrix  must  therefore  be  performed  with 

extreme  care. 

A suggested  method  for  performing  this  inversion  is  the  following: 

1.  Decompose  the  Zt  matrix  into  the  corresponding  eigen  values 

A 

and  eigen  vectors,  as  outlined  in  section  4.7. 
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2.  Starting  with  the  largest  eigen  value  first,  reform  the 

contribution  to  the  >T)  matrix  for  each  eigenvalue/ 

eigen  vector  pair,  in  much  the  same  manner  as  the  contribution 
to  the  normals  is  computed  for  each  individual  observation 
and  its  weight,  see  section  6.2.1. 

3.  When  the  matrix  formed  in  this  manner  has  non  zero 

coefficients  equal  to  those  of  the  matrix  to  from 

one  to  three  significant  figures,  set  all  smaller  (remaining) 
eigen  values  to  zero  and  compute  matrix  as 

indicated  in  Chapter  4. 

The  ZyCcRrf)  matrix  is  not  unique,  as  was  mentioned  in  Chapter  4. 
If  the  above  procedure  fails,  the  designer  should  consider  the  recomputa- 
tion of  the  matrix  with  another  set  of  weights  and  the 

iteration  of  the  above  steps. 

The  use  of  the  ^(C(0iT)  , however  cumbersome,  has  a unique 

advantage  over  the  method  suggested  in  Chapter  5.  The  designer  in  this 
procedure  may  preselect  certain  observations,  presumably  those  of 
economic  importance,  for  inclusion  in  the  scaled  A matrix  without  the 
problem  that  the  correlation  coefficients  will  indicate  high  dependencies 
when  in  fact  there  are  not  enough  observations  included  to  successfully 
meet  the  user  requirements,  see  section  5.2.1.  In  this  procedure,  where 
the  P(c)  is  free  to  take  on  any  value  within  a specified  range, 
observations  are  forced  mathematically  to  provide  the  required  information 
inputs  to  the  normals. 
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Since  the  Ctfc  i T 3 matrix  is  itself  inexact,  a procedure  much 

like  that  outlined  in  Chapter  5 for  the  selection  of  all  observations 
below  a given  correlation  coefficient  value  and  subsequent  additions 
of  observations  to  meet  user  requirements,  will  be  used.  Specifically, 
after  the  observation  types,  estimables  and  accuracies  are  selected 
and  the  /\  matrix  formed,  the  problem  of  observation  selection  is 
done  in  the  following  steps: 

1.  Form  the  scaled  Ar  matrix  of  all  possible  observations  for 
the  types  selected. 

2.  Using  the  procedure  outlined,  form  the  matrix  and 

compute  a solution  for  P and  2. 

3.  From  the  allocated  resources,  decide  how  many  of  each  type 
of  observation  can  be  made  within  cost  budgets  and  select 
that  number  of  each  type  of  observation  on  the  basis  of  the 
size  of  the  corresponding  P.c)  element,  in  the  order  of 
largest  F(C)  first. 

4.  For  those  observations  with  no  limit  on  number,  discard  those 
observations  with  negative  P(<-)  values. 

5.  Reform  the  reduced  design  matrix  of  observations,  /\  , and 

recompute  the  P values. 

6.  Discard  those  observations  with  negative  ) values. 

7.  Repeat  steps  5 and  6 until  either  all  P/i)  values  are  non- 
negative or  the  number  of  observations  left  is  equal  to  the 
rank  of  the  normals  (determined  geometrically)  plus  any 
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specified  minimum  number  of  degrees  of  freedom.  If  no 
minimum  number  of  degrees  of  freedom  are  specified,  it  is 
suggested  that  a minimum  number  of  one  be  adopted. 


8.  Form  and  invert  the 


l\l  ( 


matrix  thus  defined  to  solve 


for  the  and  predicted  accuracies  of  the  estimables, 

C C . 

9.  If  the  user  requirements  are  not  satisfied,  add  to  this  normal 
matrix  additional  observations  involving  the  stations  failing 
the  requirements  and  repeat  the  inversion  and  C ^ 

formation  until  user  requirements  are  met. 


To  illustrate  this  procedure,  example  5.8.2  is  reperformed. 
Estimables  are  angles  and  distances,  the  geometrically  derived  rank  of 
the  normal  matrix  is  three  less  than  its  order.  The  observation  types 
are  distances  and  directions.  The  table  of  all  possible  observations 
of  these  types  is  6.4.  The  target  estimable  variances  are  the  same  as 
those  given  in  Table  6.5.  Table  6.9  indicates  the  P values,  and 
Table  6.10  the  agreement  between  the  major  diagonal  elements  of  the 
(/\/\~)  2:  A A and  A 2%  f\  matrices.  It  was  decided  that  only 
three  distances  would  be  measured  and,  from  the  magnitudes  of  the 
P elements,  distances  23,  26  and  29  were  selected.  All  negative 
PlO  observations  of  directions  were  deleted  (note  that,  in  this  case, 
none  was  kept  to  maintain  at  least  two  directions  per  station.) 

The  P values  were  recomputed  for  the  22  remaining  observations. 
Table  6.11  and  observations  16  and  19  deleted.  Again,  the  agreement  in 
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the  major  diaqonal  elements  of  the  (J[  A ~~)  2:  A A and  /4  ^ A 
matrices  are  shown  in  Table  6.12.  The  P elements  were  recomputed 
for  the  twenty  remaining  observations,  Table  6.13.  Again,  the  agreement 
of  major  diagonal  elements  is  illustrated  in  Table  6.14. 

Due  to  the  approximate  modelling  of  the  matrix,  a lower 

cutoff  in  observation  selection  than  the  usual  rounding  is  suggested. 

All  P elements  which  were  greater  than  0.25  were  kept  and  observed 
with  a weight  of  one.  The  eighteen  observations  thus  selected  are 
indn  ated  in  Table  6.13  with  their  respective  weights.  A solution  for 
the  oositional  and  estimable  accuracies  using  these  eighteen  observations 
is  giv~n  in  Tables  6.15  and  6.16.  It  is  interesting  to  note  that  only 
four  of  the  estimables  (one  angle  and  three  distances)  exceed  the  user 
requirements  on  this  initial  run. 

Additional  sets  of  directions  and  excluded  directions  were  determined 
to  be  the  least  expensive  way  to  add  information  to  the  normal  equations 
to  satisfy  requirements.  Table  6.13  indicates  the  final  numbers  of  8 
position  direction  sets  and  the  distances  required  to  satisfy  the  user 
requirements.  Tables  6.15  and  6.16  indicate  the  final  station  position 
and  estimable  accuracies  for  this  design. 

6.3  Limits  in  the  method  of  weight  recovery. 

As  with  the  method  outlined  in  Chapter  5,  this  system  has  severe 

limitations,  but  of  a completely  different  sort  than  that  encountered 

forming  and  using  observation- to-observation  correlations.  As 

indicated,  a solution  will  always  be  formed,  giving  elements  which 

o f 

mathematically  satisfy  the  requirement  that  the  2-y. 


matrix  is 


recreated  from  the  observations  JiJoved  (included)  in  the  scaled  design 

matrix,  A . Whether  these  "weights"  will  have  any  physical  meaning 

is  rhen  a matter  o£  interpretation.  As  previously  indicated,  a solution 

mav  be  weighted  so  that  large  negative  and  positive  values  of  the  matrix 

are  suppressed.  Consider  the  protlem  giver  as  example  3 in  Chapter  4. 

With  the  £ v lT)  matrix  formed  to  fit  user  requirements,  suppose  in 

addition  that  only  one  distance  observation,  from  3 to  4 in  network  T4 

is  allowed.  All  directions  are  allowed  and  will  be  treated  as  being 

tr  dr  up  of  16  position  sets  of  individual  directions.  Distance  3-4  will 

be  treated  as  a baseline  having  the  usual  one  part  per  million  standard 

deviation.  See  Table  6.4  for  a listing  of  possible  observations.  Note 

1,1 

that  the  variance  for  a direction  is  C.  A for  this  example  and  only 
distance  #30  is  included.  The  variance  for  distance  #30  is  0 4 t")  X 10  m*. 
Car  tne  direction  observations  allow  the  determination  of  distance  1 to 
">  to  have  an  accuracy  of  one  part  per  million?  Intutitively , one  would 
expect  not  to  be  able  to  do  this,  but  the  formulation  of  the  weight 
recovery  algorithm  will  give  some  sort  of  answer.  The  procedure  given 
in  section  6.2.2  was  followed  with  an  A matrix  of  all  directions  and 
the  single  distance  (baseline)  measurement.  Elimination  of  negative 
P elements  was  performed  and  the  number  of  observation  reduced 
mechanically  to  21,  20  directions  and  the  baseline  distance.  Table  6.17 
is  the  final  unweighted  required  P elements.  This  solution  for  the 
weights  was  performed  with  a variety  of  weighting  procedures  for  the 
■p  elements  and  the  "best"  of  these  is  given  in  Table  6.18.  The  very 
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absurdity  of  the  required  P*  elements  should  indicate  that  the  problem 
as  posed  is  not  possible  physically  even  though  mathematically  an  answer 
is  calculable. 


6.4  Summary 

The  methods  and  procedures  outlined  in  this  chapter  take  advantage 
of  one  solution  to  the  recovery  of  the  weights  from  the  free  normals. 

As  with  other  methods,  the  entire  solution  depends  upon  the  a priori 
values  adopted  for  the  observations  themselves.  The  care  with  which 
these  variances  should  be  selected  cannot  be  overemphasized.  As 
indicated  in  section  6.1,  the  number  of  equations  of  the  type  of  6.7 
generated  is  h ( M 'O/2, . This  can  become  a very  large  number  very 
rapidly  and  the  designer  should  pre-select  the  number  of  "all  possible 
observations”  included  with  this  in  mind,  as  networks  increase  in 
numbers  of  stations. 

Again,  it  is  suggested  that  the  designs  derived  from  this  procedure 
form  the  minimum  a survey  party  should  return  with  to  assure  that  the 
user  requirements  are  satisfied.  Any  additional  observations  or  sets 
which  can  be  made  with  little  or  no  additional  cost  in  time  or  effort 
should  be  included  in  the  final  adjustment. 

In  another  sense,  the  weight  recovery  method  should  be  considered 


as  specifying  the  reciprocal  of  the  individual  observation  standard 
deviations  since  ( pi  m . This  interpretation  avoids  the 
question  of  accumulated  systematic  effects  when  observations  are  repeated 


(that  is  when  more  than  one  set  is  made) . With  this  in  mind,  the 
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designer  may  elect  to  have  some  of  his  observing  crews  use  a more  precise 


instr  ament  and  method  or  those  stations  where  the  weight  recovery  method 
indicates  multiple  sets.  As  long  as  the  value  V^Pi  L can  be 

assigned  to  an  observation  or  set  of  observations  as  a standard  deviation 
the  requirements  of  the  weight  recovery  method  will  be  met. 


DESCRIPTION  OF  THE  OBSERVATIONS 

KEY  - D INDICATES  A DIRECTION 

(ONITS  FOR  VARIANCE  ARE  ARC  SECONDS  SQUARED) 

A INDICATES  AN  AZ IMUTH 

(ONITS  FOR  VARIANCE  ARE  ARC  SECONDS  SQUARED) 
S INDICATES  A DISTANCE 

(OMITS  FOR  VARIANCE  ARE  METERS  SQUARED) 


THE  SYMBOL  •*'  INDICATES  THAT  THE  OBSERVATION  WAS  USED 
IN  THE  FORMATION  OF  THE  V/C  MATRIX  OF  PARAMETERS 


OBSERVATION 

TYPE 

A PRIORI 

FROM 

TO 

NUMBER 

VAR  I ANCF 

ST  AT  ION 

STATION 

1 

❖ 

D 

0.  370 

1 

2 

7 

* 

I) 

0.  370 

I 

B 

3 

0 

0.  370 

1 

6 

4 

D 

0.  370 

7 

1 

S 

* 

D 

0.370 

7 

3 

6 

0 

0.  370 

? 

4 

7 

V 

D 

0.  370 

7 

B 

R 

* 

0 

0.  37  0 

7 

6 

9 

❖ 

D 

0.  370 

3 

7 

10 

0 

0.  370 

3 

4 

l l 

D 

0.  370 

3 

6 

I 7 

*•» 

D 

0.  370 

7 

4 

1 3 

D 

0.  370 

4 

3 

1 4 

jl; 

D 

0.  370 

4 

6 

IS 

❖ 

0 

0.  370 

B 

1 

16 

V 

D 

0.  370 

B 

7 

17 

❖ 

D 

0.370 

B 

6 

1 R 

1) 

0.  370 

6 

l 

1 9 

1) 

0.  370 

6 

2 

70 

1) 

0.  370 

b 

3 

2 1 

* 

f) 

0.  370 

b 

4 

7? 

* 

D 

0.  370 

b 

B 

7 3 

* 

S 

0.  3 7 B X 10**-? 

1 

7 

74 

V»J 

S 

0. 3 4 0 X 1 0**-? 

) 

B 

76 

S 

0.4H2X 1 0**-? 

1 

6 

76 

* 

S 

0. 71BX1 0#*-3 

7 

3 

? 7 

s 

0.6 16X10## -3 

7 

4 

7 R 

❖ 

s 

0.775X10##-? 

7 

B 

79 

* 

s 

0.  177X10#*-? 

7 

6 

30 

* 

s 

0. B49X10#*-3 

3 

4 

31 

s 

0. BOOX 1 0*  * - 3 

A 

6 

37 

£ 

s 

0. 790X1 0**-3 

4 

' 6 

33 

s 

0.  182X10##-? 

6 

6 

Table  6.1 
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RECOVERED  WEIGHTS 
(SCALED  OBSERVATIONS) 


I 


RECOVERED 

OBSERVATION 

WFIGHT 

number 

1.00001617530+00 

1 

l . 000016 17530+00 

2 

1.00001617530+00 

3 

1.00001617530+00 

4 

1.00001617530+00 

5 

1.00001617530+00 

6 

1. 00001617630+00 

7 

1.00001617530+00 

8 

1.00001617530+00 

9 

1.00001617530+00 

10 

-6. 19643225620-16 

1 1 

1.00001617530+00 

12 

-2.71588307400-14 

13 

1.00001617530+00 

16 

1.00001617530+00 

15 

1.00001617530+00 

16 

1 . 000016] 7530+00 

17 

1 .00001617530+00 

18 

2. 19062936750-16 

19 

-1.66533653690-14 

20 

1.00001617530+00 

21 

1.00001617530+00 

22 

1 . 00003267070  + 00 

23 

9.99793386550-01 

24 

-8.  33083602] 00-14 

25 

1 . 0001 1588520+00 

26 

-4. 87249129930-14 

27 

9.99466041280-01 

28 

9. 99800539530-01 

29 

9.999874] 0300-01 

30 

5.65936186800-14 

31 

9.99993278 1 30-01 

32 

-3. 461 l 2027930-14 

3 3 

I 

Table  6.2 
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COMPARISON  OP  MAJOR  DIAGONAL  ELPMPNT  S 
MATRICES  I AND  II 

MAJOR  DIAGONAL  MAJOR  DIAGONAL  OBSERVATION 
VALOE  MATRIX  I VALOE  MATRIX  II  NUMBER 

3.54839080220-01  3.54839080220-01  I 
3.64682189990-01  3 . 64682 1 89990-0 1 2 
3.39787445630-01  3.39787445630-01  3 
4.35351539260-01  4.35351539260-01  4 
3.47R7449208D-01  3. 47H74 49 2080-01  6 

4.16663387370-01  4. 165633H737D-0 1 6 
3.08070378320-01  3.08070378320-01  7 
2.68906282290-01  2.58906282290-01  8 
4.81934811180-01  4.81934811180-01  9 
3.93691260020-01  3.93691260020-01  10 

1.86124995440-01  1.86124995440-01  11 
6.22206486040-01  6.22206486040-01  12 
1 . 76252297060-01  1.76252297060-01  13 
5.18571984790-01  6.18571984790-01  14 
5.00622873780-01  5.00622873780-01  15 

3.71298822840-01  3. 7 1 298822840-0 1 16 
4.21044922860-01  4.21044922860-01  17 
3.40605501450-01  3.40605501450-01  18 
1.45183810710-01  1.45183810710-01  19 
1.59143760480-01  1.59143760480-01  20 

2.42494113680-01  2.42494113680-01  21 
4.34301349350-01  4.34301349350-01  22 
4.12714171900-01  4.12714171900-01  23 
5.69029529530-01  5. 69029529530-0 1 26 
2.11819116280-01  2.11819116280-01  25 

3.14908096710-01  3.14908096710-01  26 
2. 2636283495O-01  2.26362834950-01  27 
2.92559036190-01  2.92559036190-01  28 
1.71924217120-01  1.71924217120-01  29 
3.59809682030-01  3.59809682030-01  30 

1.66699413230-01  1.44699413230-01  31 
1 • 406368  72  7 50—01  1.40636872750-01  32 
2.14328359150-01  2.14328359150-01  33 


Table  0.3 
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DESCRIPTION  UF  THE  UBSERVAT  I ONS 


KFY  - D INDICATES  A DIRECTION 

(UNITS  FOR  VARIANCE  ARE  ARC  SECONDS  SOUAREO) 

A INDICATES  AN  AZIMUTH 

(UNITS  FOR  VARIANCE  ARE  ARC  SECONDS  SOUARED) 

S INDICATES  A DISTANCE 

(UNITS  FOR  VARIANCE  ARE  METERS  SOUARED) 

THE  SYMBOL  INDICATES  THAT  THE  OBSERVATION  IS  AVAILABLE 

FOR  USE  IN  THE  ITERATION  PROCESS 


OBSERVATION 

TYPE 

A PRIORI 

FROM 

ru 

NUMBER 

VARIANCE 

STAT  1 1 IN 

S 1 AT  I UN 

l 

* 

D 

0.  320 

1 

2 

2 

* 

D 

0.  320 

1 

3 

3 

* 

D 

0.320 

1 

6 

A 

* 

0 

0.  320 

2 

1 

5 

* 

D 

0.320 

2 

3 

A 

$ 

D 

0.  320 

2 

4 

7 

* 

D 

0.  320 

2 

3 

R 

* 

1) 

0.  320 

2 

6 

9 

D 

0.320 

3 

2 

10 

* 

0 

0.  320 

3 

4 

1 1 

$ 

D 

0.320 

3 

6 

12 

* 

D 

0.  320 

2 

4 

13 

* 

0 

0.  320 

4 

3 

14 

* 

D 

0.  320 

4 

6 

15 

v>. 

D 

0.  320 

6 

1 

16 

* 

D 

0.  320 

6 

2 

17 

I) 

0.  320 

3 

6 

18 

* 

D 

0.  320 

6 

1 

19 

* 

D 

0.  320 

6 

2 

20 

V/ 

D 

0.  320 

6 

3 

21 

* 

D 

0.  320 

6 

4 

22 

* 

i.i 

0.  320 

6 

6 

23 

S 

0.  3 7 6 X 1 0*  if -2 

1 

2 

24 

* 

S 

0. 340 X 1 0 **-2 

1 

6 

23 

if 

s 

O.  4H2X 1 0$* -2 

1 

6 

26 

s 

0. 7 1 H X l 0**-3 

2 

3 

27 

s 

0.6 16X10*# -3 

2 

4 

28 

s 

0.276X1 0*3-2 

2 

6 

29 

s 

0.  I 27X I 0* * - 2 

2 

6 

30 

if 

s 

0. 549X 1 0**-3 

3 

4 

31 

s 

0. HOOX 10**-3 

3 

o 

32 

s 

0. 7 9 0 X I 0**-3 

4 

6 

33 

s 

0.  1 8 2 X ] 0*  * -? 

6 

6 
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DESCRIPTION  OF  THE  EST  IMAHLES  IN  THIS  TEST 


KEY  - 

A INDICATES 

AN  AZIMUTH 

(UNITS  EUR 

VARIANCE  ARE 

ARC  SECONDS 

SQUARED) 

S INDICATES 

A DISTANCE 

(UNITS  EUR 

VARIuNCF  ARE 

METERS  SQUARED) 

G INDICATES 

AW  ANGLE 

(UNITS  FOR 

VARIANCE  ARE 

ARC  SECONDS 

SQUARED ) 

ESI  IMAHI.E  TYPE 

I ARGET 

AT 

ERUM 

TO 

NIIMRFR 

variance 

STATION  STATION  SI  AT  ION 

1 

G 

0.  HR 

1 

2 

G 

2 

G 

0.  H9 

1 

2 

6 

3 

G 

0.  H9 

2 

l 

3 

4 

G 

0.  89 

2 

1 

4 

S 

G 

0.  89 

2 

1 

S 

A 

G 

0.  89 

2 

1 

A 

7 

G 

0.  HR 

3 

2 

4 

ft 

G 

0.  89 

3 

2 

6 

9 

G 

0.  89 

4 

2 

3 

10 

G 

0.  89 

6 

2 

6 

l 1 

G 

0.89 

G 

1 

2 

12 

G 

0.  89 

S 

1 

A 

13 

G 

0.89 

6 

1 

2 

14 

G 

0.  HR 

6 

1 

3 

1 G 

G 

0.89 

6 

1 

u 

14 

G 

0.  89 

A 

1 

G 

DESCRIPTION  OF  THfc  ESTIMAHLtS  IN  THIS  IESI 
(CONTINUED ) 


fstimahle  numher 

TYPE 

taroet  variance 

FROM 

TU 

17 

S 

0.  H8  X 1 0*  *- 2 

1 

2 

1H 

S 

0. 79X 10** -2 

1 

b 

19 

s 

0. 12X10*#-1 

1 

b 

20 

s 

0. 17X10*0-2 

2 

3 

21 

s 

0. 14X10**-2 

2 

4 

22 

s 

0.64X10*0-2 

2 

b 

23 

s 

0. 30X10*0-2 

2 

6 

24 

s 

0.  13X1  0**  -2 

3 

u 

2b 

s 

0.  1 9X10*0-2 

3 

b 

2b 

s 

0.  18X10*0-2 

4 

6 

2 7 

s 

0.42X10*0-2 

b 

6 

Table  6.5  (Continued) 
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RECOVERED  W1  ll.HT  S 
I SCALED  URSEKVA1  IONS  I 


NO  HEIGHTS  A EEL 

Iff)  TO  L ELEMENTS 

KECOVEKEO 

0RSE8VAT ION 

HEIGHT 

NOMREW 

2.0369707460L>+00 

1 

2.  70124030870+00 

2 

6.9290246184D-01 

3 

! . 97492662260+00 

4 

2. 26 126371090+00 

6 

2.59829812370+00 

6 

1 . 7 1 9 3029 A A 40+00 

7 

-8.  3bHyc'7H7010-0l 

8 

1 . 14474664440+00 

9 

1.63843567  7 70  + 00 

10 

1 . 96687  ) H3M0-01 

1 1 

7.66  708086390-01 

1 2 

1.60/ 18806020-01 

13 

8.03722921 280-0 ) 

14 

1 . 6308 1 1 09290+00 

1 6 

4. 33491 1 70840-01 

1 6 

2.362196817  70  + 00 

1 7 

1. 78] 36382360+00 

1 H 

-2. 77161726640+00 

19 

2. 6301 6496930+00 

20 

4. 1 1884361300+00 

21 

6.96212104900-01 

22 

6.62646836990-01 

24 

6.4388461270+00 

26 

I 

Table  6.6 
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R frC  OVER  EP  WEIGHTS 
( SCALED  OBSERVATIONS  ) 


WEIGHTS  APPLIED  TO  Z ELEMENTS 


RECOVERED 

observation 

WE IGH1 

WEIGHT 

NUMBER 

ASSIGNED 

2.04383669800+00 

1 

2 

7. 70337770570+00 

2 

3 

5.86585480300-01 

3 

0 

1 .82196838580+00 

4 

2 

2. 2409)618780+00 

5 

2 

2.41451119710+00 

6 

2 

1. 69303720280+00 

7 

2 

-5.64323912850-01 

8 

0 

1 . 13437283810+00 

9 

1 

1 . 56720788  300  + 00 

10 

2 

2.08046784760-01 

l 1 

0 

8.01012013250-01 

12 

1 

1.47074796690-01 

13 

0 

9. 10618892810-01 

14 

1 

l. 64167942900+00 

1 5 

2 

5.30497397460-01 

16 

1 

2.34919316620+00 

1 7 

7 

1.640168379)0+00 

1 8 

7 

1 . 1 69970031 70-02 

1 9 

0 

2. 36896600890+00 

20 

7 

3.21016605650+00 

21 

3 

6.39379520650-01 

72 

1 

6. 73334463980-01 

74 

1 

7.16018421740+00 

26 

7 

2. 62367210610+00 

76 

3 

THE  VARIANCE  FOR  ROSITIUNAI  RARAME1ERS  FOR  THIS 
SELECTION  Or  OBSERVATIONS 


NOTE  THAT  ALL  VARIANCES  ARE  GIVEN  IN  UNITS  OF  ARC  SECONDS 

SQUARED 


VARIANCE  VARIANCE  VARIANCE 
(LATITUDE)  (LONGITUDE)  U CORR) 


STATION 

NUMBER 

1 

2 

3 

4 


1 • 9 I D— 06 
3. 17D-07 

2.340-07 

2.760-07 


3. 460-06 
3.02U-07 

6. 130-07 
1.630-07 


8.160-02 

5.070-02 

4.  600-0  l 
2.280-01 


5 

6 


3.320-06 
6. 350-07 


4.  740-06 
3. 700-07 


8.840-02 

7.590-02 


Ta  b 1 e 6.8a 
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THE  VARIANCE  nF  THE  EST I MABLES  EUR  THIS 
SELECTION  OF  (1BSERVA  r IONS 

TYRE  KEY  -G  INDICATES  AN  ANGLE 

(UNITS  FOR  VARIANCE  ARE  ARC  SECONDS  SUOAREO) 
S INDICATES  A DISTANCE 


( OMITS 

H!R  VARIANCE 

ARE  MEIERS 

SQUARED) 

1 TMABI.  F 

EST IhAHLb 

number 

TYRE 

VAR  I ANCE 

NUMRER 

1 Y R 8 

VAR  I AIMO 

I 

G 

l . 090-01 

1 5 

(7 

1.680-0] 

2 

G 

1 . 680-0? 

16 

(7 

9.1 80-02 

3 

G 

2.720-01 

17 

S 

2.810-03 

4 

G 

2.260-01 

18 

s 

1 .821—03 

S 

G 

1.240-01 

19 

s 

] .900-03 

6 

(7 

1 .310-01 

70 

s 

I . 1 20-03 

7 

G 

4.800-01 

71 

s 

9 .630-04 

H 

G 

4. 9811-01 

7? 

s 

4.490-03 

9 

G 

7.750-01 

7 3 

s 

6. 330-04 

10 

G 

2.770-01 

24 

s 

4.800-04 

1 1 

G 

1 . 020-01 

25 

s 

1 .290-03 

17 

G 

1 . 920-0 1 

76 

s 

1 . 050-03 

13 

G 

1 . 040-01 

27 

s 

5. 790-03 

14 

G 

?. 260—0 l 

Table  6.8b 
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RECOVERED  WEIGHTS 
( SCALED  OBSERVAT IONS ) 

N!J  WEIGHTS  ARBLIED  TO  Z ELEMENTS 

THE  NOTATION  ’DELETED » INDICATES  THE  OBSERVATION  WAS  REMOVED 

RECOVERED  OBSERVATION 


WEIGHT 

NUMBER 

-5.5175516752D-02 

1 

DELETED 

1.87951624070-0? 

2 

3.4042454886D-01 

3 

2.77370753350-01 

4 

2.55559426400-01 

5 

2. 24999823160-01 

6 

3.81515801 120-02 

7 

-1.34611590450-01 

8 

DELETED 

9.22098768900-0? 

9 

8.67830717630-02 

10 

1.39860373320-01 

1 1 

1 . 88679723390-01 

12 

1.69700182480-01 

13 

l . 60302635630-01 

14 

1 . 37233370730-01 

15 

1 . 29038622050-01 

16 

7.48328696950-0? 

1 7 

2.84043022310-01 

18 

l . 57232062540-0? 

19 

-7.68330863020-02 

20 

DELETED 

2 . 08348633380-01 

21 

8. 38870406600-0? 

2? 

6. T1 366478420-01 

23 

2. 44229049680-0] 

24 

DELETED 

-2.83 742052360-01 

25 

DELETED 

5.421 49362 770-0? 

26 

6.92149362770-02 

27 

DELETED 

2.80339691 160-02 

28 

DELETED 

2.47103573610-01 

29 

2. 94448673680-02 

30 

DELETED 

-2. 15746666340-01 

31 

DELE  1 ED 

3. 22616246190-01 

32 

f)E|  ETED 

2. 1 2 662305020- 01 

33 

DELETED 

Table  6.9 


COMPARISON  Ut-  MAJOR  DIAGONAL  ELEMENTS 
MATRICES  I AND  II 


MAJOR  DIAGONAL 
VALUE  MATRIX  I 

4. 01877399650-02 
4.2 3128493340-0? 
4. 30723890030-02 
1 .06091767210-01 
8. 03046734770-02 

8. 22686936320-02 
4. 42173662870-02 
2. 37022780370-02 
6.41196271740-02 
6.7647 1 192980-02 

8. 31261003820-02 
1 . 32606372080-01 
1 . 10684866170-0 1 
9.63233296100-02 
8. 84902668290-02 

6.48726461220-02 
6. 01 008602700-02 
8.99422879790-02 
2. 99232 1 86190-02 
2.61963333420-02 

4.93606192610-02 
6 .83076846960-02 
l. 1 1 066733720-01 
9. 17961639070-02 
4. 6684401 7960-02 

1 .471 32643380-01 
1.00436818860-01 
4.26383666140-02 
6.96  1 08060850—0? 
6. 16667266630-0? 

2.321 04026320-02 
4.645] 6989690-02 
8. 39346824090-02 


MAJOR  DIAGONAL 
VALUE  MATRIX  I I 

4.01877399660-02 
4.23128493340-02 
4. 30723890030-02 
1.06091767210-01 
8. 03046734770-02 

8.22686936320-02 
4.42173662860-02 
2. 37022780370-02 
6.41196271730-02 
6.7647 1 1 92980-02 

8.31261003810-02 
1 .32506372080-01 
1 . 10684866170-01 
9.632332961 10-02 
8.84902668270-02 

6. 48726461230-02 
6. 0100840 2 7 10-02 
8.99422879790-02 
2.99232186190-02 
2.61963333410-02 

4. 93606192620-02 
5.83076845930-02 
1. 11056733720-01 
9. 1 7951639060-02 
4.6584401 7950-02 

1.471 32643380-01 
1.00435818^60-01 
4.26383668150-0? 
8. 96108060860-0? 
6. 16667266630-0? 

2.221 04026330-02 
4.64216989600-02 
8. 39346824090-02 


Table  6.10 


(IHSER  VAl  I UN 
NUMBER 

1 

2 

3 

4 

5 

6 

7 

8 
9 

10 

1 1 
1? 

13 

14 

15 

16 

17 

18 

19 

20 

21 

2? 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 

33 
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RECOVERED  WEIGHTS 
I SCALED  OBSERVATIONS ) 

NO  WEIGHTS  ADDED  TO  THE  Z ELEMENTS 

f HE  NOTATION  ‘DELETED*  FNOICATES  THE  OBSERVATION  WAS  REMOVED 


RECOVERED 

WEIGH! 


OBSERVA I ION 

number 


5. 50603556070-01  2 
9. 70137352470-01  3 
9.  16852306670-01  4 
5.544561  8993D-0  1 5 
5.98146619030-01  6 

1 . 27386952860+00  7 
3. 27985343990-01  9 
4. 20600500540—01  10 
1 . 8274?506fo9D-01  11 
3.931 81279700-01  12 


2.21  32608  0440— C'1  13 
2.67868931760-01  14 
4.50489018530-01  15 
-3.  12142649160-01  16 
8. 13^12050300— ( 1 17 


DELETED 


9. 35518636370-01 
-2.73616067420-01 
4.  68  1 426021  4ti-0  1 
9.  15316308910-02 
4. 99006339  /50-01 


18 

19  DELETED 
2 1 

22 

23 


7. 248 l 1465820-01  26 

4.06981969830-01  29 


Table  6.11 
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CUMPARISUN  UF  MAJOR  DIAGONAL  ELEMENTS 
MATRICES  I AND  II 


MAJOR  DIAGONAL 
VALUE  MATRIX  1 


MAJOR  DIAGONAL 
VALUE  MATRIX  I 1 


A . 6204587 1 OOD-0 1 
6. 34400792170-01 
5. 85277200990-01 
3.  41093?  1 1 1340—0  I 
3.51162304220-01 

6. 4H9691072HD-01 
2.R430003465U-01 
2.476941 1 1380-01 
1.93721295290-01 
2.96452556H20— 01 

1.93033036450-01 
2. 33034701 740-01 
2.79227815870-01 
1.08397230730-01 
3.80226095330-01 

3. 58859083590-01 
9.83634741 650-0? 
1. 61903469440-01 
2.15  -1496  1 1 020-01 
4. 28313627220-01 

5. 32699229990-01 
3. 43941 8 t o 190—0  1 


4.62045871000-01 
6.34400792170-01 
5 . 8 5 2 7 7 200990-01 
3.4109321 1530-01 
3.51162304210-01 

6.48969107280-01 
2.84300034650-01 
2.87664111380-01 
1.93721295290-01 
2. 98452556820-01 

1.93033036450-01 
2.35034701 740-01 
2. 79227815870-01 
1 . 08397230730-01 
3.80226095320-01 

3. 38859083590-01 
9.83634741640-02 
1 « 6 1 903469440-0  J 
2. 1 5 3496 11020-01 
4.28313527220-01 

5.32699229990-01 
3.439418 / 0 1 90— u ] 


Table  6.12 
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UBSERVAT I UN 
NUMBER 

2 

3 

4 

5 

6 

7 
9 
10 
1 1 
12 

1 3 
14 
13 
16 
1 / 

1 8 
19 
21 

22 

23 

26 

29 


RECOVERED  WEIGHTS 
( SCALED  OBSERVA1  IllNS  ) 


t-  INAL 


RECOVERED 

OBSERVATION 

WF I OH  1 

WEIGH  1 

WEIGHT 

NUMBER 

ASSIGNED 

ASS  1 GNEO 

5. 75155986330-01 

2 

1 

4 

9. 99184864090-01 

3 

1 

4 

1.01396621870+00 

4 

1 

4 

5.04061 186050-01 

8 

1 

1 

6. 58498642160-01 

6 

l 

l 

1. 19192600810+00 

7 

1 

4 

3. 458583677 ?0-0' 

9 

1 

1 

4. 20397561910-01 

10 

1 

1 

1.73684901730-01 

1 1 

0 

0 

3.86031975240-01 

12 

1 

l 

2. 25264082760-01 

1 3 

1 

l 

2.89834982050-01 

14 

l 

4 

3.98391204450-01 

1 8 

1 

4 

5. 12283996660-0] 

17 

1 

1 

7. 81 249552230-0] 

1 8 

1 

4 

3.41693317300-01 

71 

1 

U 

1 . 1 90  7 4408  7 70— (1 1 

22 

0 

l 

4.56737181 760-01 

23 

l 

1 

7. 1441 3900880-0] 

26 

1 

1 

4.17 732940980-01 

29 

1 

] 

Tabl e 6.13 
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COMP  AH  I SON  OP  MAJOR  0 l AGONAL  ELEMENT  S 
MATRICES  I AND  II 


MAJOR  DIAGONAL 

MAJOR  DIAGONAL 

OBSERVATION 

VALUE  MATRIX  I 

VALUE  MATRIX  I I 

NUMBER 

4.  65809925790-01 

4. 65809925790-01 

2 

6.42012457880-01 

6.42012457880-01 

3 

7. 19674741360-01 

7. 19674741360-01 

4 

3.32760130360-01 

3. 3275013035 D- 01 

6 

4. 10010715650-01 

4. 10010715660-01 

6 

6.65167623580-01 

6.65167623570-01 

7 

2.90841045110-01 

2.90841046110-01 

9 

2.90333094140-01 

2.90333094140-01 

10 

1.88123262630-01 

1.88123262530-01 

1 1 

3.01552453220-01 

3.01552453220-01 

12 

1 • 92434605950-0 I 

1 . 92434505950-01 

1 3 

2.47140667780-01 

2.47140667780-01 

14 

3.54148239120-01 

3. 541482391 20-01 

16 

4.28438345900-01 

4.28438346900-01 

1 7 

3.84415682470-01 

3.844] 5682470-01 

1 8 

2.939807 1 1 840—01 

2.93980  7 1 1 640-01 

21 

2. 1 1 9479849 1 0-0 1 

2. 1 1947984900-01 

2? 

4.62969343040-01 

4.62969343040-01 

23 

6. 26976011460-01 

5. 2697601 1460-01 

26 

3.82966201480-01 

3.82966201480-01 

29 

Table  6.14 
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STATION  VARIANCES 
FOR  THIS  NFT 


KEY  TO  PARAMETER  CODE-  P 

INDICATES 

THE 

VARIANCE 

IN 

LATITUDE 

L 

INDICATES 

THE 

VARIANCE 

IN 

LUNG IT UDE 

z 

INDICATES 

THE 

VARIANCE 

IN 

STATION 

UNKNOWN  ( 'Z 

COR R EC  NUN) 

NflTF  THAT  ALL  PARAMETER  VARIANCES  ARE  IN  UNITS  OF  ARC 
SECONDS  SQUARED  AND  THE  HEADING  'CODE'  INDICATES  PARAMETER 

CODE 


ST  AT  I UN 

VAR  I ANCE 

VAR  I ANCE 

NUMBER/CODE 

INITIAL 

FINAL 

1 

P 

6.720-06 

1.33D-06 

L 

6. 92D-06 

6.420-06 

Z 

2 . 29D— 0 1 

6 . 4-40-02 

2 

P 

3. 160-07 

2.910-07 

L 

1 . 330-07 

1. HI  0-07 

Z 

7. 950-0? 

3 . 380-02 

3 

P 

1 .230-07 

1 .860-07 

L 

H. H6U-07 

1 .030-07 

7 

3. 090-01 

3. 200-01 

4 

P 

2. 090-07 

7.290-07 

L 

2.  I 70-07 

1.660-07 

7 

1.7} 0-01 

1 .080-01 

B 

P 

7. 730-06 

3.660-06 

L 

1 . 030-06 

3. 520-06 

Z 

1 . 740-01 

6.000-02 

6 

P 

1 . 160-06 

H. 430-07 

L 

1 . 160-06 

6.370-07 

7 

9. 940-02 

4.600-07 

Tabl  e 6.15 
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THE  VARIANCE  (IF  THE  EST  1 MABLES  FOR  THIS 
SELECTION  OF  OBSERVATIONS 

TYPF  KEY-  G INDICATES  AN  ANGLE 


(UNITS 

FOR 

VARIANCE  ARE 

ARC  SECONDS  SQUARED) 

S INDICATES 

A DISTANCE 

(UNITS 

FOR 

VARIANCE  ARE 

METERS  SQUARED) 

FST  IMABLE 

VAR  I ANCE 

VARIANCE 

IUMRER/TYPF 

INITIAL 

FINAL 

1 

G 

3.220-01 

1. 1 10-01 

2 

G 

3. 570-02 

2.620-02 

3 

g 

4 . ftOO-O 1 

3.010-01 

4 

G 

3. 930-01 

2.340-01 

5 

G 

3.420-01 

9.660-02 

6 

G 

3. 040-01 

1 . 320-01 

7 

G 

3. 960-01 

3.620-01 

H 

G 

1 . 090+00 

8.820-01 

9 

G 

4.080-01 

3.930-01 

10 

G 

3. H 50—01 

2. 160-01 

1 1 

G 

1 .850-01 

7.350-02 

1? 

G 

4. 130-01 

1.850-01 

1 3 

G 

1 .910-01 

8.220-02 

14 

G 

ft. 780-01 

5.200-01 

l ft 

G 

2.840-01 

1 .0)0-0) 

1 ft 

G 

2.280-01 

1.020-01 

17 

S 

3. 650-03 

3.540-03 

1« 

s 

9.440-03 

4.910-03 

19 

S 

5.800-03 

4.860-03 

20 

S 

7. 100-04 

7.060-04 

21 

s 

8. 070-04 

7.680-04 

22 

s 

9.810-03 

4.420-03 

2 3 

s 

1 . 1 8n-03 

l. 1 00-03 

24 

s 

8.570-04 

8.460-04 

25 

9 

1 . ftl0-02 

1.460-03 

26 

s 

l . 990-03 

1 . 8VU-03 

2/ 

s 

1 .2  30-02 

4.320-03 

Table  6.16 
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RECOVERED  WEIGHTS 
(SCALED  OBSERVATIONS) 

NO  WEIGHTS  APPLIED  TO  Z ELEMENTS 

RECOVERED  OBSERVATION 

WEIGHT  NUMBER 


2. 46317399560+01 

1 

4. 5320635531 D+OO 

2 

4. 39358293600+00 

3 

5.21145831990+00 

4 

1 . 3449 26 50941) + 01 

6 

1 . 039747 559 8D+0 1 

7 

-1.68520470890+00 

8 

1 • 09053549860+0 1 

9 

1 .95457096270-01 

10 

7. HOY855H628U+00 

1 1 

-B. 42837290590-01 

12 

-7. 3H 8196R4730-01 

14 

7.9555672021 0-01 

15 

3. 694V 7660600+01 

16 

1 .40023678 150+01 

17 

-6. 881 25740/50-01 

18 

-1.2  3230927^*1  0+00 

19 

7.64283764730+00 

20 

2. 1778 1 193460+01 

21 

3. 86487705030+00 

22 

5.  15263245210+00 

30 

Table  6.17 
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PECOVEWEO  WEIGHTS 
( SCALED  08SERVAT  KINS  ) 

WEIGHTS  A PPL  I ED  TU  1 ELtMbNTS 


RECOVERED 

WEIGHT 


rmSEKVAT  IUN 
NOMHER 


1 .41782367980+01 
4. 40655749580+00 
1. 06742936481) + 01 
4. 44025560800+00 
7.  12307830170  + 00 

6. 94186122670+00 
2.36129317040+00 
1.05637696700+01 
1.98005731010-01 
7. 76821648700+00 

8.36945204990-02 
1.88012156600-01 
2.  18496986750  + 00 
2. 09081167870+01 
9.69617179880+00 

9.03020767500-01 
5.  19333766670+00 
7.24231591140+00 
1 . 08942444700  + 01 
4. 62086693290+00 

5. 15263245160  + 00 


Table  6.18 
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Chapter  7.  Additional  Considerations  and  Conclusions 
7.1  Introduction. 

The  purpose  of  this  study  was  to  define  systematic  methods  for 
design  of  horizontal  control  networks  based  upon  user  station  and 
estimable  accuracy  requirements.  The  methods  to  accomplish  this 
design  are  outlined  in  Chapters  4,  5 and  6 and  exist  independently  of 
one  another.  Although  not  presented  in  that  manner,  it  should  be 
realized  that  design  selection  and  iteration  techniques  may  be  used 
with  or  without  the  criterian  normal  pseudo- inverse  1 ) 

formed  in  Chapter  4.  In  the  place  of  ^ (£CfT)  , a built  up 
(station  by  station)  design,  using  the  existing  rules  for  a given 
order  of  accuracy  and/or  specifications,  could  give  an  N and  a 

from  an  approximate  knowledge  of  the  station  coordinates  to  be 
controlled  and  a reconnaissance  that  defines  which  observations  are 
possible. 

Once  this  substitute  matrix  (above)  is  formed,  it  is  proper  to 

ask  if  all  the  observations  included  are  necessary.  If  the  designer 
finds  that  the  built-up  matrix  meets  or  is  better  than  user  requirements, 
he  may  wish  to  delete  some  observations  to  decrease  cost.  This  can  be 
done  by  examination  of  the  correlation  coefficients  outlined  in  Chapter 
5 or  by  substitution  of  a scaled  design  matrix,  containing  fewer 
observations  than  used  to  form  ^ y , in  the  weight  recovery  equations 
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of  Chapter  6.  Equivalent  matrices  may  be  formed  from  different 

observations  in  the  same  manner. 

It  is  interesting  to  note  that,  if  the  designer  is  given  that 
minimum  constraint  which  is  to  be  applied  to  the  network  by  the  user, 
the  pseudo- inverse  algorithm  may  be  discarded  if  an  alternate,  such  as 
discussed  above,  is  used  instead  of  the  formation  of 

This  is  because,  for  any  minimum  constraint,  A N^/['  and  its  correla- 
tion coefficient  form  (Chapter  5)  as  well  as  A’(A'A)(A-  1 (Chapter  6) 
have  the  same  numerical  values  for  most  of  the  family  of  generalized 
inverses.  If  this  is  the  case,  a generalized  inverse.  A/ C , could  be 
substituted  for  where: 

N C "I"’  \NC  H‘ 

c'  ft  J [H'  J . 

If  c is  of  the  form  of  "direct  observations"  of  the  parameters, 
the  above  is  nothing  more  than  the  Cayley  inverse  of  the  free  normals, 

, plus  the  constraining  weights,  Py  , if  it  is  assumed  that  the 
C constraints  are  sufficient  to  make  the  rank  of  the 
matrix  equal  to  its  order. 

Thus,  if 

Nq  = (/VJ+  CP.C')'1 

then 

(Chapter  5) 
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(where  / \ ^ is  the  scaled  design  matrix  of  all  possible  observations) 
Also,  if  it  is  desired  to  use  Chapter  6,  the  same  constraint,  C , may 
be  applied.  Thus  equation  6.2  would  become: 

P « cr„c 1 T'n  ( - C p,  c ')%'  * 2 

- (a4  ca;a4  *c  pxcrUi )'?  (AtCA;\fC  %c  t'a; ) 

which  would  be  numerically  equivalent  to 

P-  ACG  N l - (A^  A* ) * A/ 


where  ^ ^ is  either 

A&t  = (AtAt),A£ 

a'  - (a;a,)X 

and  (A  l A,  ) obeys  the  characteristics  of  2.4.1  and  2.4.4.  (Note 

that  is  the  scaled  design  matrix  of  some  observations  chosen  by 

the  designer.) 


7.2  Suggested  steps  in  the  application  of  design  techniques. 

The  procedures  outlined  in  Chapters  4 through  6 can  be  divided  into 
steps  which  make  computations  more  efficient.  These  steps  are: 

1.  Formation  and  storage  of  the  design  matrix  of  observations, /4  . 

2.  Formation,  using  1.,  of  the  ^ t)  matrix  as  well  as 

its  testing  and  storage  (testing  in  the  sense  that  it  must 
meet  user  requirements  and  be  "physically  possible",  see 
Chapter  4) . 
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3.  (a)  Formation  from  1.  and  2.  of  (see 

section  7.1)  and  selection  of  observations  on  the  basis  of 
correlation  coefficients. 

(b)  Formation  from  1. and  2. or  1.  and  3(a)  of  the  recovered 
weight  from  ^ 

4.  Testing  of  designs  from  observations  selected  in  3(a)  or 
3(b). 

5.  Iteration  of  4. if  designs  do  not  satisfy  user  requirements. 

For  the  networks  studied,  which  ranged  from  4 to  14  stations  and  up  to 
100  possible  observations, these  steps  each  could  be  performed  on  the 
IBM  System/370  Model  165  Computer  in  252k  storage  or  less  and  in  5 
minutes  computing  time  or  less.  Disc  storage  as  well  as  card  storage 
was  required,  however,  in  some  of  the  steps. 

7.3  Types  of  observations  not  discussed. 

This  study  centers  primarily  on  the  usual  types  of  observations 
made  in  horizontal  control  extensions.  These  were  directions,  azimuths 
and  distances  and  had  the  attractive  attribute  that  each  observation  was 
independent  of  all  others.  While  the  independence  of  observations  makes 
no  difference  in  the  definition  of  a ^ Cc^'T')  or  selection  of 
observations  by  correlation  coefficients,  in  Chapter  6,  it  is  a part  of 
the  solution  for  the  coefficients  in  the  (diagonal)  matrix.  If  observa- 
tions are  to  be  included  which  are  not  independent,  such  as  angles  or 
short-arc  satellite  positional  determinations,  some  modification  is 


required. 


It  is  suggested  that  the  following  steps  be  employed  in  the 
dependent  observation  case. 

1.  Choose  which  dependent  observation  will  be  included  in  the 
design,  along  with  the  usual  (independent)  possible 
observations . 

2.  Determine  which  types  of  observations  are  needed,  in  addition 
to  the  dependent  observations,  to  make  user  requirements 
estimable.  Determine  as  well  the  rank  of  the  free  normal 
equation  matrix  with  and  without  the  contributions  of  the 
dependent  observations. 

3.  Form  or  a substitute  V/C  matrix  of  parameters, 

X 

see  section  7.1,  which  satisfy  user  requirements. 

4 . From  £J(CRtT  ) or  the  free  normals  corresponding  to  the 

Z' 

substituted  V/C  matrix,  subtract  the  contributions  of  the 
dependent  observations  chosen  in  step  1.  That  is,  form  , 

where 

N - \)  - 

where  l\J  is  either  IT")  or  the  free  normal  matrix 

corresponding  to  the  substitute  V/C  matrix  and  and 

^ C>€  P are  the  desi<3n  and  v/c  matrices  respectively  of  the 
dependent  observations. 

5.  From  A (\l  » compute  the  recovered  weights  of  the  independent 

observations,  using  the  equation: 

P=  A+ahAI  + 2 - C 

where  is  the  design  matrix  of  the  independent  observations. 
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The  drawback  in  this  procedure  is  that,  a priori,  those  observa- 
tions which  are  dependent  must  be  defined.  If  there  is  any  choice  in 
station  at  which  these  dependent  observations  are  to  be  made,  steps 
1-5  may  be  repeated  for  all  possibilities. 

7 . 4 Modeling  of  the  station  unknown  terms  in  the  C C /2. 1 T ) 

As  indicated  in  section  4.4.3,  the  coefficients  corresponding  to 
all  off  diagonal  terms  involving  the  station  unknown  are  modelled  as 
of  value  zero.  This  is  primarily  due  to  the  non-involvement  of  the 
station  unknown  in  any  of  the  estimables.  While  this  evaluation  appears 
to  work  fairly  well  in  both  Chapters  5 and  6,  a more  realistic  modelling, 
making  each  station  unknown  dependent  on  all  station  positions  (latitude 
and  longitude)  and/or  all  other  station  unknowns  would  make  lT ) 

more  realistic.  This  was  not  done  in  this  study  and  should  be 
investigated. 

7.5  Relative  merits  of  the  methods  for  the  selection  of  observations. 

The  merits  and  limitations  of  the  methods  in  Chapters  5 and  6 are 

discussed  in  these  chapters.  The  methods  themselves  are  not  really 
comparable.  In  the  first  method,  that  of  Chapter  5,  all  possible  obser- 
vations are  included  in  the  design  matrix  and  the  decision  to  eliminate 
can  be  based  on  the  cost  of  an  observation  in  addition  to  its  correlation 
to  other  observations.  In  the  weight  recovery  method,  this  design  matrix 
may  be  limited,  in  the  formation  state,  to  those  observations  which  cost 
and  time-phasing  show  to  be  most  economical.  The  magnitude  of  the  weights 
recovered  in  that  case  reveal  how  practical  the  choice  of  observations 
was  initially. 
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Either  method  may  be  expanded  to  include  other  observation  types 
than  those  discussed;  the  Chapter  5 method  perhaps  somewhat  more  easily 
than  the  weight  recovery  system.  Both,  however,  are  extremely  sensitive 
to  the  values  adopted  for  the  a priori  variance  of  each  observation. 

The  emphasis  placed  on  the  care  with  which  these  a priori  variances  are 


selected  cannot  be  overstated. 
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